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Abstract. Generalized Fourier integral operators (FIOs) acting on Colombeau 
algebras are denned. This is based on a theory of generalized oscillatory inte- 
grals (OIs) whose phase functions as well as amplitudes may be generalized 
functions of Colombeau type. The mapping properties of these FIOs are stud- 
ied as the composition with a generalized pseudodifferential operator. Finally, 
the microlocal Colombeau regularity for OIs and the influence of the FIO ac- 
tion on generalized wave front sets are investigated. This theory of generalized 
FIOs is motivated by the need of a general framework for partial differential 
operators with non-smooth coefficients and distributional data. 



1. Introduction 

This work is part of a program that aims to solve linear partial differential equa- 
tions with non-smooth coefficients and highly singular data and investigate the 
qualitative properties of the solutions. A well established theory with powerful 
analytic methods is available in the case of operators with (relatively) smooth co- 
efficients [21], but cannot be applied to many models from physics which involve 
non-smooth variations of the physical parameters. These models require indeed 
partial differential operators where the smoothness assumption on the coefficients 
is dropped. Furthermore, in case of nonlinear operations (cf. [25, 29, 35]), the 
theory of distribution does not provide a general framework in which solutions 
exist. 

An alternative framework is provided by the theory of Colombeau algebras of 
generalized functions [4, 19, 35]. We recall that the space of distributions X>'(fi) is 
embedded via convolution with a mollifier in the Colombeau algebra £7(f2) of gen- 
eralized functions on f2 and interpreting the non-smooth coefficients and data as 
elements of the Colombeau algebra, existence and uniqueness has been established 
for many classes of equations by now [1, 2, 3, 5, 23, 27, 30, 33, 35, 36, 37, 39]. In 
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order to study the regularity of solutions, microlocal techniques have to be intro- 
duced into this setting, in particular, pseudodifferential operators with generalized 
amplitudes and generalized wave front sets. This has been done in the papers 
[15, 16, 17, 22, 24, 26, 28, 32, 38], with a special attention for elliptic equations 
and hypoellipticity. 

The interest for hyperbolic equations, regularity of solutions and inverse 
problems (determining the non-smooth coefficients from the data is an impor- 
tant problem in geophysics [8]), leads in the case of differential operators with 
Colombeau coefficients, to a theory of Fourier integral operators with general- 
ized amplitudes and generalized phase functions. This has been initiated in [18] 
and has provided some first results on propagation of singularities in the dual 
£(Q c (n),C) of the Colombeau algebra Gc(ty- We recall that within the Colombeau 
algebra 5(0), regularity theory is based on the subalgebra Q°°(Q) of regular gen- 
eralized functions, whose intersection with £>'(£!) coincides with C°°(0). Since 
Q°°(fl) C Q(Q) C £(Q c (n),C), two different regularity theories coexist in the 
dual: one based on G(Q) and one based on £/°°(Sl). 

This work can be considered as a compendium of [18], in the sense that col- 
lects (without proof) the main results achieved in [18] and studies the composition 
between a generalized Fourier integral operator and a generalized pseudodifferen- 
tial operator in addition. 

We can now describe the contents in more detail. Section 2 provides the 
needed background of Colombeau theory. In particular, topological concepts, gen- 
eralized symbols and the definition of Q- and Q°°-w&ve front set are recalled. In 
Subsection 2.5 we elaborate and state in full generality the notion of asymptotic ex- 
pansion of a generalized symbol introduced for the first time in [15] and we prove a 
new and technically useful characterization. Section 3 develops the foundations for 
generalized Fourier integral operators: oscillatory integrals with generalized phase 
functions and amplitudes. They are then supplemented by an additional parameter 
in Section 4, leading to the notion of a Fourier integral operator with generalized 
amplitude and phase function. We study the mapping properties of such opera- 
tors on Colombeau algebras, the extension to the dual jC(Q c (Q), C) and we present 
suitable assumptions on phase function and amplitude which lead to C/°°-mapping 
properties. The core of the work is Section 5, where, by making use of some tech- 
nical preliminaries, we study in Theorem 5.10 the composition a(x, D)F 0J (b) of a 
generalized pseudodifferential operator a(x, D) with a generalized Fourier integral 
operator of the form 



The final Section 6 collects the first results of microlocal analysis for generalized 
Fourier integral operators obtained in [18, Section 4]. A deeper investigation of the 
microlocal properties of generalized Fourier integral operators is current topic of 
research. 
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2. Basic notions: Colombeau and duality theory 

This section gives some background of Colombeau and duality theory for the 
techniques used in the sequel of the current work. As main sources we refer to 
[12, 13, 15, 16, 19]. 

2.1. Nets of complex numbers 

Before dealing with the major points of the Colombeau construction we begin by 
recalling some definitions concerning elements of C^ ' 1 '. 

A net (u £ ) £ in C^ 0,1 ' is said to be strictly nonzero if there exist r > and 
1] G (0, 1] such that \u e \ > e r for all e G (0, r;] . 

The regularity issues discussed in Sections 3 and 4 will make use of the following 
concept of slow scale net (s.s.n). A slow scale net is a net (r £ ) £ G C^ ' 1 ' such that 

Vq > 03c q > OVe G (0, 1] |r e | 9 < c q e~ x . 

Throughout this paper we will always consider slow scale nets (r £ ) £ of positive real 
numbers with inf ee (o,i] r £ ^ 0. A net (u £ ) £ in C^ ' 1 ' is said to be slow scale- strictly 
nonzero is there exist a slow scale net (s £ ) £ and r\ G (0, 1] such that |u e | > l/s e 
for all e G [0,1]}. 

2.2. C-modules of generalized functions based on a locally convex topological vec- 
tor space E 

The most common algebras of generalized functions of Colombeau type as well as 
the spaces of generalized symbols we deal with are introduced and investigated 
under a topological point of view by referring to the following models. 

Let E be a locally convex topological vector space topologized through the 
family of seminorms {pi}i £ j. The elements of 



M 



E 



ivi e 

Me 



{{u e ) e G £ (0 ' 1] : Mi G / 3N G N Pi (u e ) = 0(£- N ) use -> 0}, 
{(u e ) £ G £ (0 < 1] :ViE I 3(uj £ ) £ s.s.n. Pl (u £ ) = 0(iu £ )ase 0}, 
{(u £ ) £ G S (0 ' 1] : 3N G N Vi G / Pi(u s ) = 0(£- N ) ase -» 0}, 
{(u £ ) £ G E^-^ : Vt G / Vq G N Pi {u £ ) = 0(e«)as£ -» 0}, 



are called i?-moderate, ^-moderate of slow scale type, i?-regular and i?- 
negligible, respectively. We define the space of generalized functions based on E as 
the factor space Ge ■= Me/Ne- 

The ring of complex generalized numbers, denoted by C := £m/N, is obtained 
by taking E = C. C is not a field since by Theorem 1.2.38 in [19] only the elements 
which are strictly nonzero (i.e. the elements which have a representative strictly 
nonzero) are invertible and vice versa. Note that all the representatives of u G C 
are strictly nonzero once we know that there exists at least one which is strictly 
nonzero. When u has a representative which is slow scale-strictly nonzero we say 
that it is slow scale-invertible. 
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For any locally convex topological vector space E the space Qe has the struc- 
ture of a C-module. The C-modulc Q s £ := A4 s ^/Me of generalized functions of slow 
scale type and the C-modulc C/|P := M.^ /Me of regular generalized functions are 
subrings of Qe with more refined assumptions of moderateness at the level of rep- 
resentatives. We use the notation u — [(u e ) s ] for the class u of (u s ) e in Qe- This 
is the usual way we adopt to denote an equivalence class. 

The family of seminorms {pi}iei on E determines a locally convex C-linear 
topology on Qe (see [12, Definition 1.6]) by means of the valuations 

v Pi ([(u £ ) £ }) := v P4 ((u e ) e ) := sup{6 e R : Pi(u £ ) = 0(e b ) as e -» 0} 

and the corresponding ultra-pseudo-seminorms {"P,}iej, where Vi(u) = c^ Vp ^ u \ 
For the sake of brevity we omit to report definitions and properties of valuations 
and ultra-pseudo-scminorms in the abstract context of C-modules. Such a theo- 
retical presentation can be found in [12, Subsections 1.1, 1.2]. We recall that on 
C the valuation and the ultra-pseudo-norm obtained through the absolute value 
in C are denoted by vg and | • | e respectively. Concerning the space Q^ of regular 
generalized functions based on E the moderateness properties of allows to 
define the valuation 

v^((u £ ) £ ) := sup{fe e R : Vz G I Pl (u £ ) = 0(e b ) as e 0} 

which extends to (?|? and leads to the ultra-pseudo-norm P|?(u) := e~ v ^^ u K 

The Colombeau algebra Q(Q) — £m{CI)/J^{CI) can be obtained as a C-module 
of C?E-type by choosing E = £(Cl). Topologized through the family of seminorms 
PK,i{f ) = sn P x eK,\a\<i \d a f( x )\ where K <e O, the space £ (O) induces on Q(Q) a 
metrizable and complete locally convex C-linear topology which is determined by 
the ultra-pseudo-seminorms Vk,i(u) = c~ VpK .^ u \ From a structural point of view 
O — > Q(Vl) is a fine sheaf of differential algebras on R n . 

The Colombeau algebra Q C (Q) of generalized functions with compact support 
is topologized by means of a strict inductive limit procedure. More precisely, setting 
Qk(^I) ■= {u € <7c(^) : suppu C K} for K <s CI, Q c (fl) is the strict inductive 
limit of the sequence of locally convex topological C-modules (Qx n (^))«gn, where 
(K n ) ne N is an exhausting sequence of compact subsets of CI such that K n C K n+ \. 
We endow Qk{CI) with the topology induced by Qv K ,(n) where K' is a compact 
subset containing K in its interior. For more details concerning the topological 
structure of Q c (Cl) see [13, Example 3.7]. 

Regularity theory in the Colombeau context as initiated in [35] is based on 
the subalgebra Q°°(Ci) of all elements u of Q(fl) having a representative (u s ) e 
belonging to the set 

EfSiil) := {(u £ ) £ e £[fl] : MK <s Q. 3N G NVa e N n 

sup \d a u £ {x)\ = 0{s~ N ) as e -» 0}. 

xEK 
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£7°°(f2) can be seen as the intersection ^KmnQ°°{K), where Q°°(K) is the space 
of all u G £/(f2) having a representative (u £ ) £ satisfying the condition: 3N G N 
Va G N™, sup xeK \d a u e (x)\ — 0(s~ N ). The ultra-pseudo-seminorms Pg<^(K) ( u ) '■— 
e - v s°°(JO, where 

vgo, (K) := sup{6 G M : Va G N™ sup |9 Q u £ (x)| = 0(e b )} 

xEK 

equip with the topological structure of a Frechet C-module. 

Finally, let us consider the algebra := n G C (Q,). On C/g^fi) := {u G 

0°°(f2) : suppw C K} with X g Q, we define the ultra-pseudo-norm Vg<g(p,){u) = 
q~ v k( u ) where v£?(u) := ,(si)( M ) an d -K 7 is arLV compact set containing K in its 
interior. At this point, given an exhausting sequence {K n ) n of compact subsets of 
fi, the strict inductive limit procedure equips Q^°(Sl) = U n (?|? n (n) with a complete 
and separated locally convex C-linear topology (see [13, Example 3.13]. 

2.3. Topological dual of a Colombeau algebra 

A duality theory for C-modules had been developed in [12] in the framework of 
topological and locally convex topological C-modules. Starting from an investi- 
gation of C(Q, C), the C-module of all C-linear and continuous functional on 
Q, it provides the theoretical tools for dealing with the topological duals of the 
Colombeau algebras Q c (Ct) and <?(f2). In the paper C(Q(Cl),C and £((? C (Q),C) 
are endowed with the topology of uniform convergence on bounded subsets. This is 
determined by the ultra-pseudo-seminorms 

P B o(T) = sup|T(u)| , 
ueB 

where B is varying in the family of all bounded subsets of Q(Q) and G C (Q) re- 
spectively. For general results concerning the relation between boundcdncss and 
ultra-pseudo-seminorms in the context of locally convex topological C-modules 
we refer to [13, Section 1]. For the choice of topologies illustrated in this section 
Theorem 3.1 in [13] shows the following chains of continuous embeddings: 

(2.1) g°°(n) cg(si) c c(g c (tt),c), 

(2.2) g™(n) c g c (n) c c{g{n),c), 

(2.3) £(0(fi),C)C£(&(fi),C). 

In (2.1) and (2.2) the inclusion in the dual is given via integration (u — > (v — > 
J Q u(x)v(x)dx)) (for definitions and properties of the integral of a Colombeau 
generalized functions see [19]) while the embedding in (2.3) is determined by the 
inclusion g c (fl) C C?(f2). Since £1 — > £((? c (f2), C) is a sheaf we can define the support 
of a functional T (denoted by suppT). In analogy with distribution theory, from 
Theorem 1.2 in [13] we have that £(C?(fi),C) can be identified with the set of 
functional in £((? C (Q),C) having compact support. 
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By (2.1) it is meaningful to measure the regularity of a functional in the 
dual £(G c (yi),C) with respect to the algebras G(Q) and G°°(fl). We define the 
G-singular support of T (singsupp e T) as the complement of the set of all points 
x 6 Q such that the restriction of T to some open neighborhood V of x belongs to 
G{V). Analogously replacing G with G°° we introduce the notion of G°° -singular 
support of T denoted by singsupp^ocT. This investigation of regularity is connected 
with the notions of generalized wave front sets considered in Subsection 2.8 and 
will be focused on the functionals in £(£ c (fi),C) and £(<?(£!), C) which have a 
"basic" structure. In detail, we say that T 6 £((? c (f2),C) is basic if there exists a 
net (T e ) E G V(Q)^ ^ fulfilling the following condition: for all K <g fl there exist 
j G N, c> 0, N G N and 77 G (0, 1] such that 

V/eWVee^r,] \T E {f)\<ce- N sup |5 tt /(x)| 

2;eAT,|a|<j 

and Tu = [(T e u £ )e\ for all u G </ c (fi). 

In the same way a functional T G £(<?(f2),C) is said to be basic if there exists 
a net (T e ) e £ ^'(f^ ' 1 ] such that there exist K <s O, j G N, c > 0, JV G N and 
77 £ (0, 1] with the property 

V/GC°°(0)V£G (0,r/] |T e (/)| < ce-^ sup |a Q /(a;)| 

2;eAT,|a|<j 

and Tu = [(T e u e ) e ] for all uG £?(0). 

Clearly the sets £b(5c(^)iC) and £b(0(^),C) of basic functionals are C-linear 
subspaccs of £((? C (Q),C) and £(^(fi),C) respectively. In addition if T is a basic 
functional in £(<? C (Q),C) and u G Sc(^) then uT G £(^(0),C) is basic. We 
recall that nets (T s ) £ which define basic maps as above were already considered in 
[9, 10] with slightly more general notions of moderateness and different choices of 
notations and language. 

2.4. Generalized symbols 

For the convenience of the reader we recall a few basic notions concerning the 
sets of symbols employed in the course of this work. More details can be found 
in [15, 16] where a theory of generalized pseudodifferential operators acting on 
Colombeau algebras is developed. 

Definitions. Let Q be an open subset of R", m e R and p, S G [0, 1]. S*™ 5 (OxRP) 
denotes the set of symbols of order m and type (p, S) as introduced by Hormander 
in [20]. The subscript (p,d) is omitted when p — 1 and 5 — 0. If V is an open 
conic set ofOxF we define S™ S (V) as the set of all a G C°°(V) such that for all 
K <s V, 

sup (0- m+p W- s w\dgdP a (x,z)\ < 00, 

where K c := {(x, t£) : (x, £) G K t > 1}. We also make use of the space S^ g (n x 
W \ 0) of all a G S^fi x W \ 0) homogeneous of degree 1 in £. Note that the 



Generalized Fourier Integral Operators 



7 



assumption of homogeneity allows to state the defining conditions above in terms 
of the seminorms 

sup \C\- 1+a \d^ x a(x,0\ 

where K is any compact subset of Q. 

The space of generalized symbols S™ s (tt x M p ) is the C-module of fe-type 
obtained by taking E = S™ 5 (Q x W) equipped with the family of seminorms 

l«6x,= ™ P sup \d^a(x,mr m+pH - m , Kt=n,jeN. 

' xEK^ER™ \a+0\<j 

The valuation corresponding to | • k j gi yes the ultra-pseudo-seminorm V^ > K y 
S™ 5 (n x W) topologizcd through the family {V^ K j } K^njGN of ultra-pscudo- 
seminorms is a Frechet C- module. In analogy with 5™ 5 (SI x M p ) we use the notation 
S™ S {V) for the C-module Gs™ s {v)- 

<S™5 (Q x x K|) has the structure of a sheaf with respect to fi. So it is meaningful 
to talk of the support with respect to x of a generalized symbol a (supp^, a) . 
We define the conic support of a £ <S™ 5 (f2 x R p ) (cone supp a) as the complement of 
the set of points (xo, £o) £ ^ x R p such that there exists a relatively compact open 
neighborhood U of xo, a conic open neighborhood T of £o and a representative 
(a £ ) £ of a satisfying the condition 
(2.4) 

Va e N p V/3 e N n Vq £ N sup (£)-"»+pM-«|/J| |«9?<^a £ (x, f)| = 0( e «) as e -► 0. 

xe!7,£er 

By definition cone supp a is a closed conic subset of fi x R p . The generalized symbol 
a is on Q \ w x (cone supp a) . 

Slow scale symbols. In the paper the classes of the factor space Gs™ s (nxRp) 
are called generalized symbols of slow scale type. For simplicity we introduce the 
notation 5™/ c (fi x MP). Substituting S™ s (Cl x MP) with S% S (V) wc obtain the set 
S™/ C (V) ■= Gs\(v) of slow scale symbols on the open set V C ft x (R? \ 0). 



Generalized symbols of order — oo. Different notions of regularity are re- 
lated to the sets 5"°° (fi x MP) and 5"°°' sc (fi x RP) of generalized symbols of order 
— oo. 

The space S~°°(Q x W) of generalized symbols of order — oo is defined as the C- 
module Gs-°°(CixRp)- Its elements are equivalence classes a whose representatives 
(a s ) s have the property |a e |^j = 0(e~ N ) as e — > 0, where N depends on the order 
m of the symbol, on the order j of the derivatives and on the compact set K C ft. 
S-oo.sc^ x RP ) is defined by substituting 0(£- w ) with (3(A £ ) in the previous 
estimate, where (A £ ) £ is a slow scale net depending as above on the order m of 



8 



C. Garetto 



the symbol, on the order j of the derivatives and on the compact set K C f2. It 
follows that (a e ) e is £/°°-regular, in the sense that 

kg = Oie- 1 ) 

as e — > for all m, j and if <s fl 

Generalized microsupports. The Q- and Q °° -regularity of generalized sym- 
bols on Q, x K™ is measured in conical neighborhoods by means of the following 
notions of microsupports. 

Let a £ S l p S {VL x M") and (z ,£o) £ T*(0) \0. The symbol a is ^-smoothing 
at (£o,£o) if there exist a representative (a e ) e of a, a relatively compact open 
neighborhood U of x and a conic neighborhood r C 1" \ of ^ such that 

(2.5) VmelVa,/? eN n 3N e N3c > 03 V £ (0,l]V(x,0 £ t/ x TVe £ (0, 77] 



\d?dga e {x,Q\<c{Z) 



m s~ N . 



The symbol a is 5°°-smoothing at (xq, Co) if there exist a representative (a £ ) £ of a, 
a relatively compact open neighborhood U of Xo, a conic neighborhood T C R" \ 
of £ and a natural number TV £ N such that 

(2.6) Vm £ MVa,/3 £ N™ 3c> 3ry £ (0, l]V(z,0 £ f7 x r Ve £ (0, 77] 

|^a £ (a ; ,0l<c(0 ro £- JV - 

We define the Q -microsupport of a, denoted by /isupp g (a), as the complement 
in T*(Q) \ of the set of points (xo,£o) where a is ^-smoothing and the Q°°- 
microsupport of a, denoted by /1 supp go o (a) , as the complement in T* (Ct) \ of the 
set of points (xo,^o) where a is ^""-smoothing. 

Continuity results. By simple reasoning at the level of representatives one 
proves that the usual operations between generalized symbols, as product and 
derivation, are continuous. In particular the C-bilinear map 

(2.7) g c (n) x S™ s (n x w) - s™ s (<n x w) ■. ( u , ffl ) - a(i/,o«(») 

is continuous. If I < — p each b £ <S^ 5 (£1 x R p ) can be integrated on K x M p , ^ gO, 
by setting 

f b(y,Qdyd£:=\( f b e (y,Qdyd£ 

JKxRp L\JkxRp 

Moreover if supp y 6 <e ft we define the integral of 6 on ft x M p as 
/ b(y,t)dyd£:= [ b(y,Z)dyc%, 

JUxRp JKxRp 

where K is any compact set containing supp y 6 in its interior. Integration defines a 

continuous C-linear functional on this space of generalized symbols with compact 
support in y as it is proven in [18, Proposition 1.1, Remark 1.2]. 
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2.5. Asymptotic expansions in S™ s (Cl x W) and <S™/ C (£! x 

In this subsection we elaborate and state in full generality the notion of asymptotic 
expansion of a generalized symbol introduced for the first time in [15]. We also 
provide a technical result which will be useful in Section 5. We begin by working 
on moderate nets of symbols and we recall that a net (C £ ) £ G C^° :1 ' is said to be 
of slow scale type if there exists a slow scale net (w e ) e such that \C e \ = 0(u £ ). 

Definition 2.1. Let {mj} je N be sequences of real numbers with m,j \ — oo, m = 
to. 

(i) Let {(aj je ) e }j e N be a sequence of elements (a,j ie ) e G ■^ / 's m | (QxKp)" ^ e sa y 
that the formal series X^o( a J>) e * s tne asymptotic expansion of (a e ) e G 
£[Q x R n ], (a e ) e ~ EjKe)e for short, iff for all r > 1 

r-l 



J=0 

(ii) Let {(aj. e ) e } :)e N be a sequence of elements (aj ie ) e G A^ sc mj . We say 

S pS (S2xRJ>) 

that the formal series X)^lo( a i^) e ^ s ^ ne asymptotic expansion of (a e ) e G 
£[Q x M™], (a e ) e ~ sc X)j( a i,e)e f° r short, iff for all r > 1 

^ a J.e ) G ^S™J (OxRp) • 

Theorem 2.2. 

(i) Let {(aj ie ) e }j 6 N 6e a sequence of elements (a.,- ie ) e G M„™j (s];(It! ,, wif/i 



l s p j(nxKf) 

\ — oo and too = to. Then, there exists (a £ ) £ G Als^nxKP) swc/i 



that (a e ) e ~ Sj( a j,«)«- Moreover, if (a'J e ~ E,(aj,e)e #ien (a £ - a^) £ G 

(ii) Lei {(au e ) e } je N 6e a sequence of elements (aj ie ) e G -M sc m , wif/i 

mj \ — oo and too = to. Then, there exists (a £ ) £ G -Mg m ( fixRP ) smc/i 

t/iat (a e ) e ~ sc Moreover, i/(a'J e ~ sc X^(aj, e )e i/le " (a £ -<4) £ e 

A/f sc 

yvl S-»(S]xlf)' 

Proof. The proof follows the classical line of arguments, but we will have to keep 
track of the e-dependence carefully. We consider a sequence of relatively compact 
open sets {V;} contained in f2, such that for all Z G N, Vi C K\ = Vi C Vj+i and 
\J lm V t = n. Let V G C°°(]R p ), < -0(C) < 1, such that ip(£) = for |£| < 1 and 

V>(0 = 1 for K| > 2. 
(i) We introduce 
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where Xj j£ will be positive constants with Xj+i, £ < Aj >£ < 1, \j. £ — > if j — > oo. 
We can define 

(2.8) a e (ic,0=EM*.0- 

j£N 

This sum is locally finite and therefore (a £ ) £ £ £[Q x K p ]. We observe that 
3 tt (V>(A,, £ £)) - d^X^X^, supp(a«V(A^0) C {£ : 1/A jj£ < |£| < 2/A j>£ }, 
and that 1/X jj£ < |£| < 2/\ j>£ implies X 3 . £ < 2/|£| < 4/(1 + |£|). We first estimate 
& ji£ . Fixing K <e and a e JF, /? £ N™, we obtain for j G N, e G (0, 1], x G K, 
£ G W, 

\d?dgbj, e {x,0\ < (")Ai7 7l l^" 7 V'(^e0ll^,elSi, 7;/3 ^)^-'' l7l+6|/31 
< ^ c(^, 7 )4l Q ^l(C)- |tt ^ l |a J , £ |^ 7!/3 (0 m ^'' l7l+5|/31 

<<?j, a ,,3,K,e<£> m '-'' H+5l/31 , 

where 

Since (Cj iQj ^ j K j£ ) £ is a moderate net of positive numbers, we have that (&j, £ ) £ £ 
■^S m 3(Q xR p)- At this point we choose Aj i£ such that for \a + /3\ < j, I < j 

(2.9) Cj >a ^ t Ki,e^j,e < 2~ 3 . 

Our aim is to prove that a e (x,^) defined in (2.8) belongs to Ms™ s (nxRp)- Since 
there exists Nj e N and r]j G (0, 1] such that 



Cj,a,(3,K,,e < e 



-AT,- 



for I < j and |a + /3\ < j, we take Aj i£ = 2 on the interval (0, r]j]. We observe 

that 

(2.10) 

VK <s f2, 3Z e N : K cViCK h 
Va G PP, V/3 G N™, 3j G N, j > / : \a \ + |/3 | < jo, m jo + 1 < m, 

and we write (a e ) e as the sum of the following two terms: 

jo — 1 +oc 
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For x G K, we have that 

Jo-l 

\t%°d*>f e (x,Q\ < ]T l^lSiao,/ 3 o^) m3 '" P|a0l+5|/3 ° l 
3=0 

,30-1 



'3=0 

where 

/J'o-l 



Ei^iMl«*,/ S b)<o ra - p|aol+<l * 



(JO -J- v 



-j=0 

We now turn to s e (x,£). From the estimates on bj y£ and (2.9), we get for x G K 
and e G (0, 1], 

+ OC 

\&?d*>8t{x,S)\ < g ^ Qo ^^ ! (O m ^ p|Q ° l+5|/3 ° l 
+oc +oo 

< ^ 2~ J A~ 1 (£)~ 1 (£)" ij ' +1 ~ p ' ao ' + ' 5 ' /30 ' < ^ 2~- 7 A~ 1 (£)~ 1 (£) m_p ' O!0 ' + ' 5 ' /30 '. 

Since i/>(£) is identically equal to for |£| < 1, we can assume in our estimates 
that < ^j,ej an d therefore from (2.10), we conclude that 

\d^d^s £ (x^)\ < 2 (^) m -pl Q ol+5|/3ol j 

for all x G K, £ G R p and £ G (0, 1]. 

In order to prove that (o e ) e ~ X^j( a j',«)« we fix r > 1 and we write 

r— 1 r— 1 +oo 

a e (a,0 -^a jl£ (a;,0 = ^(^(Xj,^) - l)aj, e (x,£) + ^2tp(\ jiS £)a ji€ (x,£) 

3=0 j=0 j=r 

= 9c(x,0 +t e (x,£). 

Recall that -0 G C°°(R P ) was chosen such that tp-lG C™(W) and supp(-0 - 1) C 
{£ : |£| < 2}. Thus, for < j < r - 1, 

suppMA^O - 1) C U : \^\ < 2} C U : |£| < 2^}. 

As a consequence, for fixed K <s 17 and for all e G (0, 1], 



. ^m r -p|a|+«|0^ 
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where, from our assumptions on {aj t£ ) £ and (Aj j£ ) £ , the nets {\o.j,e\^p"sK a-a' p)e 
and ((2\~\ £ ) m i~ mr+p \ a l) e arc both moderate. Repeating the same arguments 
used in the construction of (a e ) e we have that (i e ) e belongs to M s m r^ lxmp y It is 
clear that (a e ) e is uniquely determined by ^2j(a.j. £ ) £ modulo A^5-oo(q xRP ). 
(ii) In the slow scale case one easily sees that (bj e ) e G A^ sc m , Moreover, 

v ' J,E;E S p I (f2xRP) ' 

since there exists a slow scale net u)j{e) and r]j G (0, 1] such that 

Cj t(x ,p t K,,e < 

for Z < j and |a + /3| < j, we can take Xj t£ = 2 — (e) on the interval (0, r^-]. It 
follows that (a e ) e G M s £ m (q x r P ) an d that both the nets {g £ )e an d (ie)e belong to 
A/f sc n 

Proposition 2.3. 

(i) Let {(a Jie ) e }j e N & e a sequence of elements (a,j >e ) e G -^5 m j(n X Rp) 

mj \ — cxo awd to = to. Let (a e ) e G £ [Q x M p ] smc/i t/iat /or aZZ X <e 0, 
/or aZZ a, /3 t/iere exists a«d (C e ) e G Em such that 

(2.11) |^o e (x,OI<C e (^. 

for all x G LT, £ G M p , e G (0, 1]. Furthermore, assume that for any r > 1 
trod Lf <g f2 t/iere exists /i r = fi r (K) and (C r , £ ) £ = (C r ^(K)) £ G £m smc/i 
t/iat jU r — > — oo as r — > +oo anrf 

r-1 

(2.12) a £ (z,0-l>^(z,0 <C r , e <0" p 

/or allxEK,££ W , e G (0, 1]. T/ien, (a e ) e - EjfeJe- 

(ii) (i) holds with (aj. e ) € G Ai^ mj , the nets (C £ ) £ and (CV j£ ) e of slow 

scale type and (a £ ) £ ^ sc J2j( a j,e)e * n ^ e sense of Definition 2.1(H). 

The proof of Proposition 2.3 requires the following lemma. 

Lemma 2.4. Let K\ and Ki be two compact sets in MP such that K\ C IntL^- 
Then there exists a constant C > such that for any smooth function f on a 
neighborhood of K 2 , the following estimate holds: 

sup V \D a f(x)\) <Csup 1/(^)1 ( sup \f(x)\+ sup V \D a f(x)\). 

xeKl | Q |=i ' xeJ£ " 2 \a;eif2 a;e-R"2 | Q |_ 2 / 

Proof of Proposition 2.3. (i) By Theorem 2.2 we know that there exists (6 e ) e G 
A4s m s (nxRp) snch that (b £ ) £ ~ X^( a j\e)e-We consider the difference d £ — a £ — b £ . 
From (2.11) and the moderateness of (b £ ) £ we have that for all a, [3 and LT g £1 
there exist (C £ ) £ and /u' such that 

(2.13) \d^ x d £ {x,0\ <mr\ 
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for all x e K, £ eW and e G (0, 1]. Combining (6 e ) e ~ T,j( a j,e)e with (2.12) we 
obtain that for all r > and for all K <s f2 there exists (C ri£ (ii')) £ G £m such that 

K(*,0I < C r , £ (K)(0- r , x G K, £ G R p , e G (0,1]. 

Set d c , £ (x,0) = d e (a;,£ + 0). Then, dfidgd^x, 6)\ e =o = d%d%d{x,£), and applying 
Lemma 2.4 with K x = K x and K 2 = K'x{\6\ < 1}, wherein C Intif G K' <s 0, 
we obtain 

(2.14) (sup V |^^4(^,0l) <C sup |d £ (z,£ + 0)|- 
^ e - ff |a+/3|=i ' xeK',|e|<i 

■( sup K(*,£ + 0)| + sup V \d?dPd e (x,Z + 6)\ 
\xeK',\e\<i xeK ''\ e \^ 1 \ a +f}\=2 

<CC r , £ {K') S up^ + 9)- r (c r , e (K') sup + 9)- r + C' £ (K') sup + 0}^ K < 2 A 

\6\<1 V |f|<l |0|<1 / 

where C' r ' e (K) G £m- By induction one can prove that for all r > 0, for all K <e £1 
and for all a G N p , /3 G N", there exists a moderate net (c £ ) £ such that the estimate 

\d^d s (x^)\<c s (0- r 

is valid for all x G -ft', £ G M p and e G (0, 1]. This means that {d £ ) £ G Ms-°°(si-xM?) 
and therefore (a £ ) £ - Z)j( a j,e)e- 

(m) It is clear that when we work with nets of slow scale type then (d £ ) £ G 

^S-«((JxRP) and ( a e) = Ej(«j,e)e- □ 

Remark 2.5. Proposition 2.3 can be stated for nets of symbols in M-s m s (nxRp\o) 
and M s g m (q xRP \ v The proof make use of (2.13) when |£| < 1 and (2.14) when 

Kl > 1- 

Definition 2.6. Let {rrij}j e m with m,j \ — oo and mo = m. 

(i) Let {ajljgN be a sequence of symbols aj G S™g (£1 x K p ). We say that 
the formal scries • a j i s tne asymptotic expansion of a G S"^ S (Q x W), 
a ~ aj for short, iff there exist a representative (a £ ) £ of a and, for 
every j, representatives (cij,e)e of a^-, such that (a e ) e ~ yjj( a i,<0e- 

(ii) Let {cij}jeN be a sequence of symbols aj G S™g' sc (Q x IR P ). We say that 
the formal series ^ Oj is the asymptotic expansion of a G S™g SC (Q x W), 
a ~ aj for short, iff there exist a representative (a e ) e of a and, for 
every j, representatives (a Jie ) e of a^, such that (a e ) e ^ sc J2j( a j,t)t- 
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2.6. Generalized pseudodifferential operators 

Let fi be an open subset of R™ and a G S™$(^ x l n ). The generalized oscillatory 
integral (see [15]) 

/ e^-y^a(x,Ou(y)dy^:= ( f e^-y^a E (x,Ou E (y)dydA + JV(fi), 
JnxM n VJfixi" J E 

defines the action of the pseudodifferential operator a(x, D) with generalized sym- 
bol a G S^ g (fl x M") on u G C7 C (£1). The operator a(x, D) maps Q C {Q) continuously 
into Q(Vl) and can be extended to a continuous C-linear map from C(Q(fl), C) to 
£(Q c (n),C). If a is of slow scale type then a(x,D) maps (?£°(Q) continuously into 
t/°°(f2). Pseudodifferential operators with generalized symbol of order -co are reg- 
ularizing, in the sense that a(x, £>)jnaps C h (G(fl),C) to Q(Q) if a G S-°°(fl x R") 
and C h {G{Q), C) to if a G 5"°°' sc (f7 x R"). Clearly all the previous results 

can be stated for pseudodifferential operators given by a generalized amplitude 
a(x, y, £) G S™s(Q x f2 x R"). For a complete overview on generalized pseudodiffer- 
ential operators acting on spaces of Colombeau type we advise the reader to refer 
to [14, 15, 16] 

2.7. Generalized elliptic symbols 

One of the main issues in developing a theory of generalized symbols has been the 
search for a notion of generalized elliptic symbol. This is obviously related to the 
construction of a generalized pseudodifferential parametrix by means of which to 
investigate problems of Q- and Q °° -regularity. In the sequel we recall some of the 
results obtain in this direction in [15, 16], which will be employed in Section 5. 
We work at the level of representatives and we set p = 1, S = 0. We leave to the 
reader the proof of the next proposition which is based on [15, Section 6]. 

Proposition 2.7. Let (a e ) E G M-s^(QxR^\o) suc h that 

(el) for all K d il there exists s G R, (R E ) E £ &m strictly nonzero andn G (0, 1] 
such that 

\a E (x,0\ >e s (0 m , 
for all x G K, |£| > R e and e G (0,77]. 

Then, 

(i) for all K g £1, for all a, (3 G N" there exist N G N, (R E ) E G £ M strictly 
nonzero and r\ G (0, 1] such that 

\d^a E (x,0\<e- N (0- lal \a E (x,0\ 

for all x G K, |£ > R E and e G (0,rj\; 

(ii) (i) holds for the net (a~ 1 ) E ; 

(iii) if(a' £ ) E G A4 sm ' (n X R™\o) w ^h m' < m then (el) holds for the net (a E +a' £ ) E . 
Let (a E ) E G ^s m (OxR"\o) such that 
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(e2) for all K <s Q there exists (s £ ) £ with (s e 1 ) £ s.s.n., (R £ ) e s.s.n. and i] G 
(0, 1] such that 

M*,£)l >M0"\ 
for all x G K, |£| > R £ and e G (0, rf\. 

Then, 

(iv) for all K <s O, /or a// a, /3 <E N™ t/iere exist (c e ) £7 (-R e ) £ s.s.n and r\ G (0, 1] 
such that 

\d^a e (x,£)\ <c £ (C)- H |a £ (x,e)| 

/or a// x e K, |£| > i? e and e G (0, 

(v) (i) /io/ds /or the net (a~ ) e ; 

(vi) if(a' £ ) £ G ■Wsm'jjjxgn^o) withm! < m then (e2) holds for the net (a £ +a' e ) £ . 

Proposition 2.8. Let (a e ) e be a net of elliptic symbols of S m (Q xl" \ 0). 

(i) If (a £ ) £ G -Ms m (OxR"\o) fulfills condition (el) then there exists (p £ ) £ G 
Ms- m (S)xi»\o) smc/i t/iat for all e G (0, 1] 

p £ a £ = l + r e , 

where (r £ ) £ G Als—(OxR"\o) • 

(ii) If (a £ ) £ G -^5° m (oxR"\o) fulfill condition (e2) t/ien t/iere exists G 
■^s- m (S)xi»\o) sucA t/iat /or all e G (0, 1] 

p £ a £ = l + r e , 

where (r e ) e G M£-oo ( nxR»\o)- 

Proof. As in [15, Proposition 6.4] we define p e as 

where i/'j is a partition of unity subordinated to a covering of relatively compact 
subsets fij of f2, (Rj^ £ ) £ is the radius corresponding to f2j and ip is a smooth 
function on E™ such that tp(£) = for |£| < 1 and tp(£) = 1 for |£| > 2. From 
Proposition 2.7 we have that (el) yields (p £ ) £ G A4s- m (fixR™\o) an d (e2) yields 
(p £ ) £ G ■M a g- m , SixRn \ y Let (e 51. By construction, for all x G K, 
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and the following estimates hold for alH > and a 6 N™ \ 0: 
sup(^K-^-)-l|< sup ^y\^J^)-l\< Cip (2R^) 1 , 

sup^l^^-)^)" 1 " 1 < sup 0\ d ^(J-)\^ e )-\»\ 

< Cv ,(2i? J , £ ) ( (i?,, e )-l«l. 

We deduce that (p £ a e — 1) E belongs to Ms-^inxR"^) under the hypothesis (el) 
on (a E ) E and that (p E a E — 1) E belongs to •^^ c _ oo ^ J><R „^ ^ under the hypothesis (e2) 
on (a E ) E . □ 

2.8. Microfocal analysis in the Colombeau context: generalized wave front sets in 

£(&(fi),C) 

In this subsection we recall the basic notions of microfocal analysis which involve 
the duals of the Colombeau algebras G c (£l) and Q(Q) and have been developed in 
[14]. In this generalized context the role which is classically played by yiW 1 ) is 
given to the Colombeau algebra g^(R n ) := Qy^ny Q^,(W a ) is topologized as in 

Subsection 2.2 and its dual C(Q^(M. n ), C) is endowed with the topology of uniform 
convergence on bounded subsets. In the sequel Q T (R n ) denotes the Colombeau 
algebra of tempered generalized functions defined as the quotient £ T (R n ) / Af T (R n ) , 
where £ T (R n ) is the algebra of all r-moderate nets (u E ) E E £ T [R n ] := OmIR")' ' 11 
such that 

VaeN n 3NeN sup (1 + \x\)- N \d a u e (x)\ = 0(e~ N ) as e -> 

and J\f T (R n ) is the ideal of all t -negligible nets (u E ) E <E £ T [R n ] such that 

Va e N n 3N e N e N sup (1 + |a;|) _iv ^"^(a;) | = 0(e 9 ) as e -> 0. 

Theorem 3.8 in [12] shows that we have the chain of continuous embeddings 

0^(K") C g T (R n ) C £(^(R"),C). 

Moreover, since for any w € £7 C (^) with suppw C K <e f2 and any X' <s fi with 
if C Int K' one can find a representative (u E ) E with suppu e C K' for all £ G (0, 1], 
we have that G c {£l) is continuously embedded into Q^{R n ). 

The Fourier transform on G^{R n ), £(^(R n ),C) and £(0(fi),C). The 
Fourier transform on C^(K") is defined by the corresponding transformation at 
the level of representatives, as follows: 

T : g^(R n ) - fi^(M") : u - [(t£) e ]. 

J 7 is a C-linear continuous map from <^(R n ) into itself which extends to the dual 
in a natural way. In detail, we define the Fourier transform of T G £(Q (R n ),C) 



Generalized Fourier Integral Operators 



17 



as the functional in £(C^(R n ), C) given by 

F(T)(u)=T(Fu). 

As shown in [14, Remark 1.5] £(0(Q),C) is embedded in £(^(R n ),C) by means 
of the map 

In particular, when T is a basic functional in C(Q(Vl) 1 C) we have from [14, Propo- 
sition 1.6, Remark 1.7] that the Fourier transform of T is the tempered gener- 
alized function obtained as the action of T(y) on e~ ly ^ , i.e., F(T) = T{c~ l '£) = 
(T £ (e^)) £ +AA T (R n ). 

Generalized wave front sets of a functional in £(£? c (Q), C). The notions 
of £-wave front set and £/°°-wave front set of a functional in £(Q C (Q),C) have 
been introduced in [14] as direct analogues of the distributional wave front set 
in [20]. They employ a subset of the space <?s c m (n X R™) °f generalized symbols of 

slow scale type denoted by S sc (Cl x R") (see [16, Definition 1.1]) and a suitable 
notion of slow scale micro-ellipticity [16, Definition 1.2]. In detail, (xo, £o) ^ WFg T 
(resp. (xo,£o) ^ WFgoo T) if there exists a(x,D) properly supported with a G 

S sc (fl x R") such that a is slow scale micro-elliptic at (xo, £o) and a(x, D)T e Q(Cl) 
(resp. a(x,D)T e 

When T is a basic functional of £(£ c (fi), C), Proposition 3.14 in [14] proves that 
one can limit to classical properly supported pseudodifferential operators in the 
definition of WF g T and WF g =c T. More precisely, 

(2.15) W cl , s (T):= f| Char(A) 

ATeg(n) 

and 

(2.16) W cli6 oo(T):= p| Char(^) 

where the intersections are taken over all the classical properly supported operators 
A e such that AT e G(Ct) in (2.15) and AT e g°°(n) in (2.16). WF e T 

and WFgooT are both closed conic subsets of T*(Q) \ and, as proved in [14, 
Proposition 3.5], 

Trn(WFgT) = singsuppgT 

and 

7ro(WF g ooT) = singsupp^ooT. 
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Characterization of WF 6 T and WFgccT when T is a basic functional. 
We will employ a useful characterization of the (J-wave front set and the C?°°-wave 
front set valid for functionals which are basic. It involves the sets of generalized 
functions G,y,o(T) and <?J? (T), defined on the conic subset F" of R™ \ 0, as follows: 

Q^,o( T ) := {u G G T (R n ) : 3(u E ) E G u \/l G M.3N G N 

sup(0'|« C (OI = O(e _JV )ase^0}, 

^o( r ) : = i u G Sr(K") : 3(u e ) e G u 3A/ G NVZ G R 

sup(0'|«e(OI = 0(e" w ) as e - 0}. 

Let T G £(£ C (Q),C). Theorem 3.13 in [14] shows that: 

(i) (xo, £o) ^ WFgT if and only if there exists a conic neighborhood T of £o 
and a cut-off function ip G C£°(Q) with y)(xo) = 1 such that T(ipT) G 
^,o(T). 

(ii) (#o,£o) ^ WFgocT if and only if there exists a conic neighborhood Y of 
£o and a cut-off function ip G C^°(0) with <^(a;o) = 1 such that T{<pT) G 



3. Generalized oscillatory integrals: definition 

This section is devoted to a notion of oscillatory integral where both the amplitude 
and the phase function are generalized objects of Colombeau type. 

In the sequel £1 is an arbitrary open subset of R™. We recall that </>(y, £) is 
a phase function on Q x W if it is a smooth function on il x R p \ 0, real valued, 
positively homogeneous of degree 1 in £ with V y ^<j)(y, £) ^ for all y G SI and £ G 
R p \0. We denote the set of all phase functions on JlxR p by $(OxR p ) and the set of 
all nets in $(fi x RP)^ 1 ! by x MP]. The notations concerning classes of symbols 
have been introduced in Subsection 2.4. The proofs of the statements collected in 
this section can be found in [18]. In the paper [18] the authors deal with generalized 
symbols in S™ s (£l xW) as well as with regular generalized symbols. This last class 
of symbols is modelled on the subalgebra G°°(Q) of regular generalized functions 
and contains the generalized symbols of slow scale type as a submodulc. Even 
though many statements of Section 3, 4 and 6 hold for regular symbols as well, 
for the sake of simplicity and in order to have uniformity of assumptions between 
phase functions and symbols, we limit in this work to consider S™ g (fl x R p ) and 
the smaller class S™^ sc (fl xW) of generalized symbols of slow scale type. 

Definition 3.1. An element of M^>(fl x R p ) is a net (0 e ) e G $[£1 x W] satisfying 
the conditions: 

(i) {4> e ) e G M s i (n X RP\o), 



Generalized Fourier Integral Operators 



19 



(ii) for all K <s Q the net 

2 

inf 



is strictly nonzero. 

On M.$,(Vi x R p ) we introduce the equivalence relation ~ as follows: (4> £ ) e ~ {^>e)e 
if and only if (<f) e — u £ ) G A/51 (oxRp\o)- The elements of the factor space 

x R p ) := M<t,{Cl x R p )/-. 
will be called generalized phase functions. 

We shall employ the equivalence class notation [(</> e ) e ] for <j> G $(f2 x M p ). 
When (<fr £ ) e is a net of phase functions, i.e. ((j> e ) £ G $[r2 x R p ], Lemma 1.2.1 in [20] 
shows that there exists a family of partial differential operators (L c j >c ) £ such that 
*L 0e e^ = e 1 ^ for all e G (0, 1]. is of the form 

p d n d 

(3-1) X>j,e(l/,0g- + S6fc,e(W,0g- +Cs(»,0. 

j=l « fe=l yfc 



where the coefficients (aj, £ ) e belong to S°[fi x R p ] and (6fc, e ) e , (c e ) e are elements 
of 5 f ~ 1 [r2 x MP]. The following technical lemma is crucial in proving Proposition 
3.3. 

Lemma 3.2. 

(i) Let^Jy,0 :=\VMy,Z/\t;\T 2 -If(4>e)seMz(nxMP) then 

{<P<t>e)e e -^S° g (nxRf\0)- 

(ii) // (<f> e ) e , (w e ) e G M*(n x RP) and {<j> £ ) £ ~ (w e ) e tfjen 

((d^<f> e )(P4, e ~ (^W e )^a, e ) e G A/sO g(nxKP \ 0) 



for all j = 1, 

,(nxiRp\o) 

/or a/Z fc = 1, n. 
Proposition 3.3. 

(i) If {4> £ ) £ G M<s>(Sl x K p ) i/ien (a jl£ ) £ G A4 s o(qxRp) /or a« j = 1, (o fe , £ ) £ G 
■Ms-i(nxRp) / or fc = 1, ...,ra, and (c e ) e G A4 s -i(j2xRp) ■ 

(ii) If (<f> e ) e , (lu £ ) £ G x Rf) and (0 e ) e ~ (w c ) e tfien 

P a n r. 



j=l ^ fc=l w 



w/iere (a^) £ G A/so^xrp), (o' fee ) £ G A/s-i (nxR p) and «) £ G A/" s -i (0xRP) for all 
j = l,...,p and k = 1, n. 
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As a consequence of Propositions 3.3 we can claim that any generalized phase 
function <f> G <&(fs x W) defines a generalized partial differential operator 

p d n d 

L<t,(y,t,d y ,d £ ) = ^2aj{y,£)— + ^ b k (y, £) — + c(y, £) 

, i "'- fe=i 

whose coefficients {cij} P j =1 and {£>fc}fc =1 , c are generalized symbols in <S°(S1 x R p ) 
and <S _1 (f2 x R p ) , respectively. By construction, maps 5™^ (f2 x R p ) continuously 
into S™f s (Q xl p ), where s = min{/9, 1 — 5}. Hence is continuous from 5^(0 x 

RP) to S^ ks (Q x RP). 

Before stating the next proposition we recall a classical lemma valid any 
symbol (j> G S 1 (Q xR p \ 0). 

Lemma 3.4. For all a e W and /3 eN n , 

d p0 e ^) = J-, C ai ,...,a fc ,ft,...,^^' 1 ^ 1 0(y,O-^ !fc ^^(tf,O- 

fe<|a+/3|, 
ai+a 2 + ...+ai,=a 
/3i+/3 2 +...+/3fc=/3 

It follows that 

a«^e^)=e^)a Qi/3 (2/,0, 
w/iere a aj/3 £ 5" l/3| (^ xF\0) and 

(3.2) \a a , \ff<c sup sup (0~ 1+l7 ' l^ 7 d>(y, 01, 

yeK,&0 | 7+ 5|<| a+/ 3|+j 

w/iere i/ie constant c depends only on a, (3, and j. 
From (3.2) we have that 

(<f>e)e € A^si(nxMP\0) => K,(3,e)s £ -A4,g|/3| (q x Mp\0) 

or more in general that the net (a a ^ iS ) e has the "e-scale properties" of (<^ e ) e . 

Proposition 3.5. Let <f> G $(£1 x R p ). TTie exponential 

e *<Ki/,f) 

is a well-defined element o f Sq x R p \ 0). 

Proof. From Lemma 3.4 we have that if {<j> e ) £ G M^(fl x R?) then ( e ^^'«)) £ G 
■^Sg ^nxKPXO)- When (0 e ) e - (w e ) e , the equality 

e iv s (y,S) _ e i<t>e(y,£) — e ive(y,£.)(i _ e i(<t>e-v s )(y,€)^ 

= e^Cv.O^e^-")^^^ - w e )(y,0Oi&. 

with 6* G (0, 1), implies that 

(3.3) sup l^- 1 ^^ -e^^j =0(£ 9 ) 
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for all q G N. At this point writing d^d^(e lujAy ^ - e^iv^)) as 

+ ^ f a \f^\dfd^'e i ^ ( - y ^(-d^~ a 'd^~ l3 'e i< -' t ' s ~ u ' s)( - v ' i) ) 

we obtain the characterizing estimate of a net in A/51 1 (nxRp\o) i using (3.3) the 
moderateness of (e UOe ^ v, ^) s and Lemma 3.4. □ 

By construction of the operator the equality t L^& 1 ^ — e 1 ^ holds in 
5(^(0 x P \ 0). In addition, Proposition 3.5 and the properties of L k allow to 
conclude that 

e^L k 4a(y,0Hy)) 

is a generalized symbol in <S™-f fcs+1 (£! x W) which is integrable on CI x W in the 
sense of Section 2 when m — ks + 1 < —p. From now on we assume that p > and 
6<1. 



Definition 3.6. Let cj> G $(0x1?), a G S™ s (ClxW) and u G C/ C (fi). The generalized 
oscillatory integral 

is defined as 

JflxRp 

where k is chosen such that m — ks + 1 < —p. 
The functional 

I^a) : Q c (Cl) -^C:u^ f e^^a(y, £)u{y) dy fi£ 

JnxRp 

belongs to the dual C(Q c (fi),C). Indeed, by (2.7), the continuity of L k and of the 
product between generalized symbols we have that the map 

&(fi) - «S-- fes+1 (fi xK^):^ eW"<QL$(a(y,t)u(y)) 

is continuous and thus, by an application of the integral on SI x l p , the resulting 
functional I<p(a) is continuous. 



4. Generalized Fourier integral operators 
Definition and mapping properties 

We now study oscillatory integrals where an additional parameter x, varying in 
an open subset CI' of R™ , appears in the phase function <p an d in the symbol a. 
The dependence on x is investigated in the Colombeau context. We denote by 
<3>[fi'; CI x W] the set of all nets (0 e ) ee (o,i] of continuous functions on CI' x CI x W 
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which are smooth on 0' x x W \ {0} and such that (<j) £ (x, ■, -)) e G $[0 x M p ] for 
all 

Definition 4.1. An element of M<s>(tt';tt x M p ) is a net (0 e ) e G x M p ] 

satisfying the conditions: 

(i) (<j> £ ) £ e M 

(ii) for all K' <s fi' and K g O the net 

2\ 



(4.1) inf 

\xeK<,yeK,teRp\o 



V " - '-( ill 



is strictly nonzero. 

On A4<s>(£l';£l x R p ) we introduce the equivalence relation ~ as follows: (<fr £ ) e ~ 
(w e ) £ if and only if (cf> e — uj £ ) £ G J\f s i (n' X nxMP\o)- The elements of the factor space 

$(!l';!]xM p ) := M<s,{n';nxR p )/ ~ . 
are called generalized phase functions with respect to the variables in xl f . 

Lemma 3.2 as well as Proposition 3.3 can be adapted to nets in M<s>(Q'; £1 x 
. More precisely, the operator 



d " d 
(4.2) L 0e (x;y,C,9y,a 4 ) = ^ a ji£ (a;, y, f)- + ^ b k , £ {x, y, £) — + c e (x, y, £) 

3 =i °b k=l ° Vk 

defined for any value of x by (3.1), has the property t L c j >s ^ x . r ^e l '^^ x ''''' > = e l ^^ x '''^ 
for all xe!!' and e G (0, 1] and its coefficients depend smoothly on x G O'. 

Lemma 4.2. 

(i) Let 

(4-3) <P* t (x,V,® ■= |V^0e(x,y,e/|ei)r 2 . 

If{4> £ ) £ G M^(n';Q x «P) then (ip 4>c ) £ G X S o g(a , xnxRt ,y 0) . 

(ii) // {<f> £ ) £ , (w e ) e G A4$(0'; ft x RP) and (0 e ) e ~ (w e ) e i/ien 

{{dij^Vte ~ (% w e)^ E ) £ G A/" 5 g (O'xOxRp\0) 

/or a/ij = l,...,p and 

,(fJ'xnxMP\0) 

/or a/Z fc = 1, n. 
Proposition 4.3. 

(i) If {4> £ )e G .A4<i>(fi'; fi x W 3 ) then the coefficients occurring in (4.2) satisfy the 
following: {a jj£ ) £ G M s °(n> x nxR>>) f or all j = 1,-,P, {h, £ ) £ G M 
for all k = 1, ...,n, and (c e ) e G -M s -i (0 , x0x rp) • 
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(ii) // (0 e ) e , (u e )e e A**(ft'; ft x Rf) and (0 e ) e - (w e ) e i/jen 

P Q « Q 

(4.4) L^-L Ut =^a' jie {x,y,Ci— + ^b' k ^(x,y,t,)— + c! e {x,y,£), 

j=i ^ fe=i yfc 

where (a' js ) £ G Af s °(n> xnxRp), (&'k, e )e e -^s-^n'xnxRp) (4)e e •Ms-m^'xOxrp) 
/or a/Z j = 1, and fc = 1, n. 

Proposition 4.3 yields that any generalized phase function <j> in $(ft'; ft x R p ) 
defines a partial differential operator 

p d n d 

(4.5) L4(x;y,€,d y ,dt) = ^2aj(x,y,^)— + ^b k (x,y,^)— + c(x,y,£,) 

= l °ti k=l ° Vk 

with coefficients a 3 - G «S°(ft' x ft x R p ), 6 fc , c G 5 _1 (0' x x M p ) such that *i e^ = 
e 1 ^ holds in 5q 1 (0' x ft x M p \ 0). Arguing as in Proposition 3.5 we obtain that 
e %<t>(x,y,£) j s a W ell-defined element of Sq ^Q' x ft x M p \0). The usual composition 
argument implies that the map 

£ c (ft) -> 5^- fcs+1 (0' x!JxP):^ e^'»'«L5(a(a;,y,0«(»)) 

is continuous. 

The oscillatory integral 

I^{a)(u)(x)= f e i ^ x ^a(x,y,Ou(y)dy^ 

:= f eW x »#L k 4,{a{x,y,0u{y))dy<IZ, 

JClxW 

where <p G 5(0'; ft x M p ) and a G <S™ 5 (0' xSlxF) is an clement of C for fixed 
x 6 ft'. In particular, I(f,(a)(u) is the integral on ft x W of a generalized amplitude 
in Sq x ft x W) having compact support in y. The order I can be chosen 
arbitrarily low. 

Theorem 4.4. Let </> G 5(0'; ft x M p ), a G <S™ 5 (ft' x ft x W) and u G &(ft). T/ie 
generalized oscillatory integral 

(4.6) I 4> (a)(u)(x)= [ e if t>^y^a(x,y,Z)u(y)dy(tZ 

JnxRp 

defines a generalized function in Q(fl') and the map 

(4.7) A:g c (n)^g(n'):u^l4a)(u) 
is continuous. 

The operator A defined in (4.7) is called generalized Fourier integral operator 
with amplitude a G <S™ 5 (ft' x ft x R?) and phase function (f> G $(ft'; ft x RP). 
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Example. Our outline of a basic theory of Fourier integral operators with Colom- 
beau generalized amplitudes and phase functions is motivated to a large extent by 
potential applications in regularity theory for generalized solutions to hyperbolic 
partial (or pseudo-) differential equations with distributional or Colombeau-type 
coefficients (or symbols) and data (cf. [25, 30, 34]). To illustrate the typical situa- 
tion we consider here the following simple model: let u € 5(R 2 ) be the solution of 
the generalized Cauchy-problem 

(4.8) d t u + cd x u + bu = 

(4-9) u | t =o = g, 

where g belongs to C/ C (R) and the coefficients 6, c € £(R 2 ). Furthermore, 6, c, 
as well as d x c are assumed to be of local L°°-log-type (concerning growth with 
respect to the regularization parameter, cf. [34]), c being generalized real- valued 
and globally bounded in addition. Let 7 e S(R 3 ) be the unique (global) solution 
of the corresponding generalized characteristic ordinary differential equation 

^rl(x,t;s) = c(~/(x,t;s),s) 
as 

7(2;, t; t) = x. 

Then u is given in terms of 7 by u(x, t) = (7(7(2;, t; 0)) exp(— J Q 6(7(2;, t; r),r) dr). 
Writing g as the inverse of its Fourier transform we obtain the Fourier integral 
representation 

(4.10) u(x, t) = J J jW*m-v)t a {x, t, y, g(y) dy H£, 

where a(x, t, y, := cxp(— J Q * 6(7(2;, t; r), r) dr) is a generalized amplitude of order 
0. The phase function (f>(x, t, y, £) := (7(2;, t; 0) — y)£ has (full) gradient 

{d x ~f(x, t; 0),d tl (x, t; 0), 7(2;, t; 0) - y) 

and thus defines a generalized phase function <f>. Therefore (4.10) reads u = Ag 
where A : Q C (R) — > G(R 2 ) is a generalized Fourier integral operator. 

Regularity properties 

We now investigate the regularity properties of the generalized Fourier integral 
operator A. We will prove that for appropriate generalized phase functions and 
generalized amplitudes, A maps Q^°(fl) into £/°°(f2'). The following example shows 
that a £/°°-kind f regularity assumption for the net ((f> s )e with respect to the 
parameter e does not entail the desired mapping property. 

Example. Let n = n' = p = 1 and O = CI' = R and 4> e {x, y, £) = (x — ey)£. Then 
{4>s) £ £ A^$(K;M x R) and in particular we have N = in all moderateness esti- 
mates (see Definition 4. l(i))) and \S/ y ^(j) e (x,y,^/\^\)\ 2 > e 2 . Choose the amplitude 
a identically equal to 1. The corresponding generalized operator A does not map 
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£ C °°(R) into g°°{R). Indeed, for ^ / G C C °°(R) we have that 



A[(/) e ] = 



/ 



= rV(«eff(R)\6 c 



This example suggests that a stronger notion of regularity on generalized 
phase functions has to be designed. Such is provided by the concept of slow scale 
net. 

Definition 4.5. We say that <p £ x W) is a sZou> scaZe generalized phase 

function in the variables of ft x MP if it has a representative (4> e )e fulfilling the 
conditions 

(i) {<f> B ) B eA^ C i g( o, x o xKn0 )> 

(ii) for all X' <s O' and if <s fi the net (4.1) is slow scale-strictly nonzero. 

In the sequel the set of all (4> e ) e G x M p ] fulfilling (i) and (ii) in 

Definition 4.5 will be denoted by -M| c (0'; Cl x R*>) while we use $ sc (fi'; x Rf ) 
for the set of slow scale generalized functions as above. Similarly, using V x ,y,£ in 
place of V y ^ in (ii) we define the space <I> SC (£!' x O x R p ) of slow scale generalized 
phase functions on fi' x fl x R p . We refer to [18, Section 3] for the proof of the 
following theorem. 



Theorem 4.6. Let <f> G $ sc (fi'; fl x 

(i) If a G <S™j sc (f2' x O x W) the corresponding generalized Fourier integral 



operator 



A:u-> [ e l<l>( - x ^^a(x,y^)u(y)dyS£ > 



maps Q£°(Q) continuously into Q°°(Q'). 

(ii) If a £ S-°°' sc (n' xSlxMP) then A maps Q C (Q) continuously into g°°(D,'). 

Extension to the dual 

Finally, we prove that under suitable hypotheses on the generalized phase function 
4> G $(0' x VL x R p ), the definition of the generalized Fourier integral operator A 
can be extended to the dual C(Q(Cl), C). 

Definition 4.7. We say that <p £ $(0' x 17 x R p ) is a generalized operator phase 
function if it has a representative (<j> e )e of operator phase functions satisfying the 
conditions (i) and (ii) of Definition 4.1 and such that 

(iii) for all K' <s fl' and K <s the net 

( V 2x 

inf y x ,^e [x, y, --7 

is strictly nonzero. 
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It is clear that when is a generalized operator phase function then by 
Theorem 4.4 the oscillatory integral 

(4.11) f e i ^ x ' y ^a(x,y,^)v(x)dx^, 

where a £ S™ g (fl' xfix W) and v £ (? c (fi'), defines a generalized function in Q(fl) 

and a continuous C-linear operator from G c (fl') to <7(fi). More precisely, we have 
the following result. 

Proposition 4.8. Let <j> be a generalized operator phase function on fi' x fi x K p ; 
a e «S™ 5 (fi' xfix R p ) and A : Q C (Q) — > <7(fi') t/ie generalized Fourier integral 
operator given by (4.6)-(4.7). Then, 

(i) i/ie transposed l A of A is the generalized Fourier integral operator given 
by (4.11); 

(ii) i/ie operator A can be extended to a continuous C-linear map acting from 
£(S(fi),C) to £(£ c (fi'),C). 

Proof. Working at the level of representatives, the proof of the first assertion is a 
simple application of the corresponding classical result. It follows that A can be 
extended to a C-linear map from C(Q(fl), C) to £((/ c (fi'), C) by setting 

A{T){u)=T{ t Au), 

for all T £ £(£(fi),C) and u £ G C (Q'). Finally, let B a bounded subset of £ c (fi'). 
From the continuity of l A and T we have that 

sup|A(T)(u)| e = sup|T(*Au)| = sup \T(v)\, 
ueB ueB ve t A(B) 

where t A{B) is a bounded subset of 0(fi). This shows that A : £(£(fi),C) ->■ 
£(C? c (fi'),C) is continuous. □ 

5. Composition of a generalized Fourier integral operator with a 
generalized pseudodifferential operator 

Generalized Fourier integral operators of the type F u (b) 

Let fi and fi' be open subsets of R™ and K" respectively. We now focus on oper- 
ators of the form 

(5.1) F u {b){u){x)= ( e^ x ^b(x,r 1 )u(r ] )ot7 1 , 

where uj £ 5^ g (fi' xR"\0),k <S ro (fi' x W 1 ) and u £ 

Note that <f>(x,y,n) := u(x,r]) — yn is a well-defined generalized phase function 
belonging to $(fi'; fi x R"). Indeed, for any (ui E ) e representative of u> we have that 
(w £ {x,ri)-yn) s £ Ms^n'xnxR"), if (w e -u4) e £ Ms^n' xr») thcn (w e - 3/77-04 + 
(n'xOxE") an d IV^^a;, 3/, 77)! — |(— 77, V,,o; — 3/)| > 1 77 1 . In particular it 
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follows that for any representative <j) £ :— oj e (x,r]) — yr\ and any K' <e 0', K <g 0, 
the net inf V„ rl e (x, w, —) I is slow scale-strictly non-zero. 

We recall that by Lemma 3.4, the estimate (3.2) and Proposition 3.5 

- if uj e 5^(0' x K" \ 0) then e^' 7 *) £ 6^(0' x R n ) and 

gagP^.v) = a a ,p(x, 7?), 

where a Qj/ 3 G 5 ^ (0' xK n \0) and the equality is intended in the space Sq 1 ^" 3 ' (fi' x 
R"\0); 

- if uj e 5 h ^ sc (0' x K" \ 0) then a a ,p G <S \^ SC {Q,' xl"\ 0). 

An immediate application of Theorem 4.4 and Proposition 4.8 yields the 
following mapping properties. 

Proposition 5.1. 

(i) Ifcue «S^ g (0' x 1" \ 0) and b G S m (Q' x M") tften F u (b) maps g c (Q) 
continuously into Q(fl'). 

(ii) Ifu)& 5h g (0' xM"\0) /ias a representative (uj £ ) £ G x M™] sucft iftai 
for all K' is fi' 

( inf IV^^x,^)!) 

is strictly non-zero, then F u {b) can be extended to a continuous C-linear 
map from C) to /^(fT^C). 

(hi) If w G 5j^ sc (f2' xK"\0) and 6 G <S m ' sc (ft' x K") tften i^(6) maps a c °°(ft) 
continuously into G°°(Q'). 

(iv) //supp^o <s f2' i/ien i^(6) maps </ c (fi) into G c {£l') and under the assump- 
tions of (ii) maps £(0(fi),C) into £(£(Q')>C). 

Proof. The first assertion is clear from Theorem 4.4 and the second one from 
Proposition 4.8(h). 

(hi) Lemma 3.4 and the considerations which precede this proposition entail 

d?F u (b)(u)(x) = (f) / e i »^a ,(x,r ] )dWb(x,r ] )u(r ] ), d v , 
0><p V> ' *™ 

where a p > G vS^'l' sc (r2' xR" \ 0). Hence, if 6 G S m ' sc (fi' x R") and u G Q^ity 
then F w (6) G Moreover, since for all (3 G N n ' and K' <s O' there exists 

/i G N and c > such that for all g G C£? (fi) and e G (0, 1] the estimate 

sup \dPF Ut {b e ){a){x)\ < cm^\ap,J^\b E \%\ sup \d^g{y)\, 

holds, we conclude that when [(o/j',e) e ] and [(b e ) e ] are symbols of slow scale type 
then the map F u (b) : G™(ty -> g°°(Q') is continuous. 
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(iv) If supp^fr <e ft' from the first assertion we have that G Q C (Q'). Un- 

der the assumptions of (ii) for the phase function uo we have that t F u (b) maps 
Q(fl') continuously into and therefore can be extended to a map from 

£(0(fi),C) to C(g(Q'),C). 

□ 

Remark 5.2. Taking = K" and noting that 0c (fi') C &(«"), it is clear that F u (b) 
maps g c (K n ) into &(R n ) when supp^fs ft'. In addition, : 0(M n ) -> £?(R n ) 

andF w (6) : £(0(R n ),C) £(0(R"),C). 

In the sequel we assume ft = ft' G M™. Our main purpose is to investigate 
the composition a(x, D) o where a(x, D) is a generalized pseudodifferential 

operator and F^{b) a generalized Fourier integral operator as in (5.1). This requires 
some technical preliminaries. 

Technical preliminaries 

The proof of the following lemma can be found in [6, Lemmas A. 11, A. 12]. 
Lemma 5.3. Let a G C°°(ft x M™ \ 0) and lo G C°°(ft x R" \ 0). TAen, 

a'<cr ^ ' |/3+ 7 |<|a| |<x"|<k'| 

w/iere 

P I ^,(x,r ? ) = l ifa' = 0, 

Si,...,8 q 
si,...,s q 

with q — \a"\, Y^j=i — \°~'\ an d 

P xM= E d l\l\Sr d ^ dx ^ x ^)-" d ^ d ^r W i x ^) otherwise, 
5i,...,5 r 

Sl,...,S r 

with |7| = r and X)j=i l^'l + \P\ = l a l- 
Proposition 5.4. 

(hi) Let (w e ) e G M s i g ((l xl"\0) such that W x uj e ^ for all e G (0, 1] and 
for all K gfi 




is strictly non-zero. 
(i) //(a e )e G ^s»(nxi»\o) ^ en ( a e(^ V x w £ (a;, r?))) £ G A4 S ".(q x r™\o); 
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(ii) i/(fl E ) e eA/s m (sixi»\o) then (a e (x, V x u £ (x,rj))) e G Afs™(nxR»\o)- 
(h2) Let (w £ ) £ G M s ^ (fi x E™ \ 0) such that V x uj e ^ for all e G (0, 1] and 



for all K gfl 



inf 



V x w e (a;, — -) 

hi 



is sfow) sca/e strictly non-zero. 

(iii) J/(a e ) e G >!s c m(!:2xKn \ 0) tten {a e {x,V x u} e {x,rfi)) £ G M s s c m(fixrli0) . 

(h3) Finally, let (uj s - uj' £ ) e G W 5 i (Q x E™ \ 0) (a> £ ) £ and (a> £ ) £ satisfying 
the hypothesis (hi) above. 

(iv) 7/(a e ) e G A^ S m(n X M"\o) ^en 



(a E (x,V x uj e (x,r])) - a e (x,V x u)' s (x,t]))) e G 



(OxR"\0) • 



Proof. From Lemma 5.3 it follows that d"d°(a £ (x, V x u e (x, rf)) is a finite sum of 
terms of the type 

d x d°' a e (x, V x uj £ (x, -q) )g a , >a > , £ (x, -q) , 

where (g a '.a',e)e is a net of symbols in S^VM (fi xl" \ 0). Note that (g Q ' )<7 ', e ) e 
depends on (o> £ ) £ and is actually a finite sum of products of derivatives of (w £ ) £ . 
One can easily prove that 

(4eM s i 8 (!lxl"\0) (vy, £ ) e 6-Msi-'i-i»i(fixt»\o), 
( "- 2) (u, £ ) £ G M^jn x E™ \ 0) =► ( ffaV ,, £ ) £ G A^V,-M ( nx R "\or 
and that the following 

(5.3) VaV G PPWr <e ft3(A £ ) £ G M (0 ' 1] Va; G KVr? G R"\0Ve G (0,1] 

|^'<a £ (x, V x w £ M)l < A £ (V^ £ ) m -l ff 'l 

holds, with (A £ ) £ G £m if (a e ) e G M s ^(nxM n \o), (A £ ) £ slow scale net if (a £ ) £ G 
- A/I s™(OxR"\o) and OMe G JV if (a £ ) £ G A/"sm(Q xK „\ )- Now, let us consider 
(V I w e (i, r/)) £ . We have that 

(hi) => VK <s 03r > 3ci,C2 > 03?7 G (0,1] Va; G ifV|j?| > lVe G (0,rj\ 

(?7)c 1 e r < |V x w e (a;,7?)| < c 2 £~ r (?7), 

(h2) => VK <E 3(^ £ ) £ s.s.n3?7 G (0,1] Vx G KM\r]\ > lVe G (0, 77] 

(r/)^ 1 < |V x w £ (a;,r?)| < ^ £ (?7}. 

Under the hypothesis (M), combining (5.2) with (5.3) we obtain the assertions (i) 
and (ii). Moreover, from the second implications of (5.2) and (5.3) we see that 
(h2) yields (iii). It remains to prove that if (/i3) holds and (a £ ) £ is a moderate net 
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of symbols then (a £ (x,^ x u> £ (x,r]))-a £ (x,'V x u) £ (x,r]))) £ £ J\fs m (cixwi n \o)- If suffices 
to write d x d°(a £ (x, \7 x uj £ (x, -q)) — a £ (x, V x co' £ (x, 77))) as the finite sum 

(5.4) d x'd^'a E (x, V x u £ (x,rj))(g a ,, a ,(u £ ) - g a , t<r ,{u' e )) 

a' ,a' 

+ E [d^d-'a £ (x,V x w £ (x, V )) - d«' d° v ' a £ (x, V x J £ (x, r,)))g a , , a ,{J £ ). 

a' .a' 

An inspection of Lemma 5.3 shows that the net (g a ',a'{u £ ) — 9a', a' {u' £ )) £ belongs 
to A/"5i<,'i-M/Q xR n\o) an d from the hypothesis (hi) on (u> £ ) £ it follows that the first 
summand in (5.4) is an element of J\fg m -w\ (o X f»\o)' We use Taylor's formula on 
the second summand of (5.4). Therefore, for x varying in a compact set K and for 
e small enough we can estimate 

\d^'d^'a £ (x,V x uj £ (x,T,))-d^d^a £ (x,V x ij' £ (x,v))\ 

by means of 

n 

Ee- Ar (V^( a; ,r;) + 0(V^ e ( a; ,ry)-V ;c ^( a ;,r 7 ))r-l CT 'l- 1 |a ;Cj K-^)( a ;,r ? )| 

< e«(V x w £ (x, V ) + 9(V x w £ (x, V ) -V x u e (x, V ))) m -^\-\ V }, 
where 9 e [0, 1]. Since, taking e small and |?7| > 1 the following inequalities 

\V x cj' £ (x,r]) + 0{V x u} £ (x,r]) - W x u)' £ (x,v))\ > £ r (v) - £ r+1 (v) > y fa), 

\V x lu' e (x, v )+6(V x lo £ (x iV ) - V x J £ (x,r,))\ < e~ r (r]) 

hold for some r > 0, we conclude that 

(d x d°'a £ (x, V x uj £ (x,it)) - d"' d° a £ (x, S/ x J £ (x,r{))) e £ -A/ s „ l - k 'i(n X !!"\o)- 

Thus, from (g a i t<T >(u)' £ )) £ € ■M.s\"'\-t"UnxM n \o) we have that the second summand 
of (5.4) belongs to A/g m -M(nxR™\o) an d * ne proof is complete. □ 

Corollary 5.5. 7/ a e S m (CI x E" \ 0) and cj e <S^ g (fi x E™ \ 0) ftas a representative 
satisfying condition (hi) of Proposition 5.4 then a(x,V x Lo(x,r])) € <S m (f2 x R™\0). 
7/ a G 5 m ' sc (fi x E™ \ 0) and u £ §^ c (£l x E" \ 0) has a representative satisfying 
condition (h2) of Proposition 5.4, then a(x,V x uj(x,r])) £ S m ' sc ($l x E™ \0). 

Let u E S^ g (fl x E™ \ 0) have a representative satisfying [hi). We want to 
investigate the properties of 

(5.5) D^ z (e^ z ^)\ z=x , 

where uj(z,x,n) := u(z,rj) — u(x,r]) — (V x uj(x,-n), z — x). We make use of the 
following technical lemma, whose proof can be found in [7, Proposition 15]. 
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Lemma 5.6. Let u e C°°(£l x R n \ 0) and oj(z, x, 77) as above. Then, for \[3\ ^ 0,we 
have 



jjP e iu>(z,X,T]) _ e iu>(z,X,T]) 



(V z u(z,r)) - V x uj(x,t])Y 



31 32=1 



-.6j 



ji 32=1 



where Cj lt are suitable constants, \jj 1 .j 2 \ > 2, \5j 1 j 2 \ > 2 and 

"1,31 "2,31 

9 31 + 7h,h = H ^ij2 = I 3 - 

32 = 1 32 = 1 

It follows that 

"1,31 "2,31 

(5.6) ^(e-^)U =x = ^ Cjl J] 3?-'M^)+E c k J] ^'M^), 

jl 32=1 jl J2=l 

with 

"1,31 "2,31 

7jij2 = ^ju2 = /5- 

J2=l J2 = l 

Moreover, from |7j lj2 | > 2, |(5j lj2 | > 2 we have |/3| > 2nij 1 and |/3| > 2n 2jl . 

Since the constants Cj i; do not depend on w, we can use the formula (5.6) 
in estimating the net (D% ( e fiI ^( z > a: >'))) \ z=x ) e . 

Proposition 5.7. 

(i) If to G Sl g (Q xR"\0) then (5.5) is a well-defined element of S^/ 2 (Q xR n \0). 

(ii) J/w G 5,J g sc (f7xM™\0) i/ien (5.5) is a well-defined element ofS w/2 - sc (nxW l \0). 

Proof. From (5.6) we have that 

(u e ) e G M s ijn x W 1 \ 0) => (£>f (e^-^"))U =:c ) £ G A< s i/»i/=i(nxR»\o). 

( We ) e G A^(n xM"\0) => (^(e^'^"))U =:c ) £ G ^ s s c l3l/ 2 (OxR „\ 0) . 
Noting that (w s - G A/" s i g(axK „\o) entails 



J2=l J2 = l ' £ 

/"2.31 "2,31 X 

n ^ ija w e (x,»?) - n gm 

S'2=l J2=l 



Sl"l/2(f2xK"\0)' 



si^i/2(nxR"\o)) 
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we conclude that the net (D% (e™e{z,x,r,)} ^ _ D 0( e iu,' e (z,x,r,)j\ z=x ^ be i ongs to 

■^Slfl/ 2 (nxR"\0)' O 

By combining Corollary 5.5 with Proposition 5.7 we obtain the following 
statement. 

Proposition 5.8. Let ci6N" and 

(5.7) = -i— — — -———D^ (e iuj{z ' x ' v) b(z, n)) \ z=x . 

(i) If a e S m (tt x M™ \ 0), w G Sl g (fl x M™ \ 0) has a representative satisfying 
condition (hi) and b G S l (Q xl" \ 0), fAen /i Q G S'+ m -H/ 2 (f2 x M™ \ 0) for all 
a. 

(ii) If a E S m < sc (fl xl"\0),we <S h g SC ( fi x M™ \ 0) ftas a representative satisfying 
condition (h2) and b G 5 z < sc (f2 xR" \ 0), then h a G S'+ m -|a|/2,sc( fi x R" \ 0) for 
all a. 

Our next task is to give a closer look to e liAj ^ x ^) . 

Proposition 5.9. Let u) G «S^ g (fi x K"\0) have a representative satisfying condition 

(hi). Then for any positive integer N there exists pjy G S~ 2N (ft x R" \ 0) such 
that 

(5.8) e M*,r,) = (p N ( x , v )A% + r(x,n)^e lul{x ^\ 
where r eS' 00 (CI xl"\0). 

If iv G S^ g (Cl x I" \ 0) is of slow scale type and has a representative satisfying 
condition (h2) then pn and r are of slow scale type. 

Proof. Let (uo e ) e be a representative of uj satisfying (hi). We leave to the reader 
to prove by induction that 

a n = a^x^y^*^, 

where (a e ) e G M S 2N( nx - Rn \ j with principal part given by 

a 2N , £ = (-l) N \V x io £ (x,n)\ 2N . 

From (hi) we have that V x iv E ^ for all e G (0, 1] and for all K (e fl there exist 
r > and £ G (0,1] such that \V x uj e (x, rj)\ > e r \ri\ for all x G K , n ^ and 
e G (0, £o]. Hence, 

e r 

\V x cj e (x,n)\ > y(?7), 

for \n\ > 1, x G K and e G (0,£ ]. It follows from Proposition 2.7(m) that (a £ ) £ 
is a net of elliptic symbols of S 2N (Q. x M™ \ 0) such that for all K <s Vt there exist 
s£l, (R £ )e strictly nonzero and £ G (0, 1] such that 

W(x,n)\ >s s (v) 2N , 
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for x G K, \r)\ > R E and e G (0, £o]. By Proposition 2.8(f) we find (pN, e )e S 
•Ws- 2N (!ixi»\o) and ( r e)e G M s -^^xR"\o) such that 
(5.9) PN., e ae = 1 - r £ 

for all e. Therefore, 

e*"'*^ - (p N , e (x, V )A^ + r e (x,r ] ) S je^ x ^. 

This equality at the representatives'level implies the equality (5.8) between equiv- 
alence classes of Sq X (Q x R" \ 0). 

Now, let w be a slow scale symbol with a representative (w e ) £ satisfying 
condition (h2). From Proposition 2.7(vi) we have that (a s ) e G -M s £ 2 n (Q xmn \ ) * s a 
net of elliptic symbols such that for some (s s ) e inverse of a slow scale net, (R £ ) £ 
slow scale net and £o G (0, 1] the inequality 

|a e (s,»?)|>* e <»7> 2JV , 

holds for all x G K, \rj\ > R E and e G (0,£ ]. Proposition 2.8(H) shows that (5.9) 
is true for some (p N , E ) e G M^. 3S (axR n\ 0) and (r e ) e G M s s c -=o (nxR „\ 0) - □ 

Main theorems 

The make use of the previous propositions in proving the main theorems of this 
section: Theorems 5.10 and 5.11. 

Theorem 5.10. Let u G 5^ g (fi x R" \ 0) have a representative satisfying condition 

(hi). Let a G S m (fl x R") and b G S l (fl x R™ \ 0) with supp,, b <s O. Then, the 
operator a(x, D)F UJ (b) has the following properties: 

(i) mapsg c (ti) into 5(0.) and £(£(Q),C) into £(C? c (fi),C); 

(ii) is of the form 

[ e iu( - x 'rth(x,ri)u(ri)a:ri + r(x,D)u, 

where h G 5 i+m (fixM™\0) has asymptotic expansion given by the symbols 
h a defined in (5.7) and r G S-°°(fl xl"\0). 

Proof. From Proposition 5.l(iv) is clear that F u (b) maps (? c (fi) and £(<?(f2),C) 
into themselves respectively. We obtain (i) combining this results with the usual 
mapping properties of a generalized pseudodifferential operator. We now have to 
investigate the composition 

a(x,D)F 0J (b)u(x) = [ e t{x - z)e a(x,e)F LU (b)u(z) dz d6 

JS)xl" 

= f S x - Z ^ 9 a(x, 6) ( f e iw ^h(z,r])u(Ti)a-ri)dza-6 
JnxR n \Jm. n ) 

= [ [ S {x - Z)0+U{z ^ )) a(x,e)b(z,r l )dzd:9u(f 1 )d:r l , 

JR™ iiixl™ 
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for u G Q C (SY). The last integral in dz and 09 is regarded as the oscillatory integral 
(5.10) f e i{x - z)e a(x,9)b{z,r))e iuj{z ^ dz09, 

JOxE" 

with b(z,r])e iw( - z ^ e G C {Q Z ). 

In the sequel we will work at the level of representatives and we will follow 
the proof of Theorem 4.1.1 in [31]. 

Step 1. Let(cr £ ) £ such that <j £ > ce s for some c, s > and for all e £ (0, 1]. We 
take ip G C°°(K n ) such that ip(y) = 1 for \y\ < 1/2 and <p(y) = for \y\ > 1 and 
we set 

b s (z,r]) = b' £ (z,x,r]) + b' £ \z,x,r]) = <p(?—^)b £ (z, v ) + (l - <p(?^Li))b e (z,Tj). 
We now write the integral in dz and d~9 of (5.10) as 

f e H(.*-*)0+Ue(z,'l)) ae ( Xj e%{z, X, 77) dz 09 

JnxR n 

e i « x - z V + ^ z ' r >»a e (x,6)%(z,x,r 1 )dzd-6 := h. £ (x, v ) + I 2<e [x, rj) 



IQxR" 

and we begin to investigate the properties of (l2,s)e- Proposition 5.9 provides the 
identity 



where (pn,s)s € M s ~™ (n X R"\o) and ( r e)e € A^ s -oo (0xR „\ ), and allows us to 

write (/2,e)e as 

/ e^^>") Af f e'**"*) V,e(«, a, r?)) a £ (x, 0) rfz 39 

JSlxR" V / 

The net (if j£ ) £ e -M 5 -oo (Q xE n \0). Indeed, if £ (a;, 77) = J Rn J Rn g £ (x,r), z,9) dz 09, 
where 

g e (x, V , z, 9) = S'-'^a e {x, 6)b' e \z, x, V )r £ (z, 
and the following holds: for all K <s O, for all aef and d > exist iV e N and 
eo S (0, 1] such that 



(zfl) Q / g s (x,r,,z,9)dz 

JR" 



< £- iv (0) m (r;}- <1 . 



This is due to the fact that supp z 6 £ C Kb <e f2 for all e and (r £ ) £ G A^s-oo(Q xR n\ )- 
Step 2. By construction 6" (z, x, rj) = if |x — z| < cr £ /2 for all e E (0, 1]. By making 
use of the identity 



j{x-z)6 = ^ _ z |-2fc(_ A() )fc ^ e i(x-z) 
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we have 

= / e^>") Af f |a; - z\- 2k (-A e ) k ( e^- z Ap N , £ (z, rfib'^z, x, V )) a £ (x, 8) dz S8 

= / e i ^ z ' r >\-A e ) k a £ (x,6)A^ (j(*-') e \x-z\- 2k p N , E (z,ri)%(z,x,Ti)) dzS8. 
It follows that for x € K <s CI and e small enough 

\ll e (x,rj)\ <ce- N '- N "- N "(a £ )- 2k £ c n a^f (8) m - 2k+2N d8 ( V )- 2N+l 

\j\<2N 

<e~ N ' f (6) m - 2k+2N d6( v )- 2N+l . 

Hence, given d > and taking N, k such that — 2N+1 < —d and m — 2k + 2N < —n 
we obtain that (l\ £ ) £ is a moderate net of symbols of order — oo on £1 x R" \ 0. 
Summarizing, 

f e i « x -'» +u '^ r '»a e (x,0)b e (z,ri)dz<IB = h. £ (x, r?) + /^r?) + I 2 2 £ (x,r;), 

JSlxI" 

where (l^e and (Jf.Je belong to X s -oo (OxR „\ 0) . 
Step 3. It remains to study 

h t£ (x,r]) = f e l{{x - z)9+u '- {z ' v)) a £ (x,8)b' e (z,x,r ] )dzm. 
We expand a £ (x,8) with respect to 9 at 8 = \7 x Lo £ (x,rj) and we observe that 

(8 - V X UJ £ {X, rj^ e i(x-z)(e-V x u, e (x,ri)) = £>a e i(*-z)(0-V x u, e (x,»7))_ 

By integrating by parts we obtain 

= Ai9?a e (a;, V 2 w e (a;,77))- 
* — ' a! s 

M<fc 

• / D°(e^«( z>I ^V e («,a;,»7))e < ( a, - 1, ^ - v - w «( x,, '»dB39 

JQxR n V / 

+ E A / ^fe^^^^ft^^rc^^e-^-^Ve^^^)^^. 
where U £ (z,x 1 ri) := u> £ (z, r/) - u) £ (x,rj) - {V x lu £ (x, rj)){z - x) and 

r^ £ {x 1 i 1 ,8)= [ {l-t) k - 1 d?a £ {x,V x uj £ (x,r})-t6)dt. 
Jo 
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Since, b' e (z, x, 77) = b s (x, 77) if \x — z\ < ?f we have that 

f pa L^Z^f,)^ ^ e i(x-»)(«-V.O,.(x,,)) dz M 

= f D^(e a '^ x ^l/ e (z,x,ri)\^ x -*^dzd9 



= D?(e^'™\(z,ri)j\ x=x 



This means that 



\a\<k \a\=k 



where (h a , e ) e is defined in (5.7) and 

RcAw) ■= [ D^(e^ z ' x ^(z,x, V ))e- i ^ e r a , e (x,V,0)dzm. 

Step 4. Our next task is to prove moderate symbol estimates for the net (R a ,e)e- 
Let x G C C °°(R") such that X {6) = 1 for |0| < 1 and X {9) = for \9\ > 3/2. Let us 
take a positive net (r e ) e such that r e > ce r for some c > and r > 0. Wc define 
the sets 

W} et „ = {6e R" : \0\ < T £ \ V \h K,v = M " \ W lv 
Set now Xe {9) := x(@/ T c)- By construction we have that Xe(<VI??|) = 1 on , 

SUppXe(-/l»?l) ^ ^T^r, and SUpp(l - Xe(7M)) S W r e , n - We write Ra,e{x,v) &S 

/ £>« f e* 7 '^*^*, v )) e-^-^ e r a , s (x, V , e) X e{0/H) dz SB 
+ / D a z (e^ x ^b' e (z, x, v))e-« x - z)e r a , e (x, v, 6){l - Xs (9/\v\)) dz SO 

We begin by estimating the net i?* e . We make use of the identity 

e -i(x-*)« = (1 + ^2^ _ z |2)-iV (1 _ |^|2 Aj )JV e -i(x-z)0 

which yields 

i?i £ (x,?7)= / D a( e C £ (v,'i)f ) ^ ia ; )t) )]e-i('^)9. 

• (1 + i^i 2 ^ - z p)- w (i - \v\ 2 A e ) N (r a , £ (x, v ,e) Xe (e/\ v \)) dzcte. 

By the moderateness of the net (oj e ) and Taylor's formula we have the inequality 

(5.11) \V x u e (x,r])-V z LJ e (z,ri)\ < ce' M \r ] \ 1 \x ~ z\, 

valid for z e Kb, \x — z\ < a e and a e small enough such that U ee ( ,i]{z + \{x — z) : 
z E Kb, \x — z\ < <J E , A G [0, 1]} C K' <g Q. Clearly M depends on the compact set 
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K' . By Lemma 5.6 we have that for all x and z as above, \r/\ > 1 and e G (0, Eq], 
the estimate 



<c'e- M '(77)^(l + M 2 |x-z| 2 ) 



2\L fl 



holds for some Lp G N and M' G N. Hence, recalling that a £ > ce s for some 
c, s > 0, we are led from the previous considerations to 



(5.12) 



D^(e iu, ^ z ' x '^b' £ (z,x,r]) 



< Ce~ N ' {rj) l+ *{l + \n\ 2 \x-z\ 2 ) L ~, 



valid for \rj\ > 1, e small enough and N' depending on Kb, a and the bound ce s of 
a £ . Before considering (1 — \rj\ 2 Ag) N (r at£ (x, rj, 8)xs(@/\ r )\) it is useful to investigate 
the quantity | V I w e (i, 77) — 10\ for x € if <g £1 and 6* G W 2 \ e ^ v - We recall that there 
exists r > 0, c , ci > and e € (0, 1] such that 

co£ r \v\ < |V x w £ (a;,r?)| < ci£~ r |r7|, 

for all x e if , r? ^ and e G (0,e ]- Since, if e W^.jj then l#l < we 
obtain, for all x G K , 6 G W 7 ^,?? and i G [0, 1], the following estimates: 

|V x w e (a;,»7)-t0| < |V x w £ (a;,r7)| + |0| < (1 + 2t £ c : 1 £-'')|V x ^(:e, r?)| 

\V x u e (x,ri)-t0\ > (l-2T £ c- 1 £- r )\V x u; £ (x 1 r ] )\. 

It follows that assuming t £ < -%r the inequality 

(5.13) ^s r \ V \ < ±\V x u e (x,ri)\ < \V x w £ {x,r,)-t6\ < \\V x lo £ {x, r,)\ < c^e- r \r,\ 

holds for x G K , rj ^ 0, G W^^, t G [0, 1] and £ small enough. We make use 
of (5.13) in estimating (1 — \r]\ 2 Ag) N (r a , s (x, r], 0)Xe(9/\v\)) an d we conclude that 
for all N G N there exists N" such that 



(5.14) 



(1 - \ V \ 2 A e ) N (r a , £ (x, V ,e) X£ (e/\r,\))\ < e- N "( V ) m -W, 



for all x G K , rj ^ 0, 9 G W2 TctV and e G (0,£o]- A combination of (5.12) with 
(5.14) entails 



\Rl £ (x,rj)\<e- N '- N "( V r +l -^ f def (1 + M 2 |y 



2\L a -N 



Therefore, choosing N > L a + we obtain 



|< e (x,r7)| < ce-^^"^)"^)^-^^!' 
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for x G K and \q\ > 1. 

The case |f?| < 1 requires less precise estimates. More precisely, it is enough to see 
that from Lemma 5.6 we have that for all a there exists some rfgR such that 

for all x G K, z G iQ, and |x — z| < a £ . Thus, 

K £ (z,r?)| < ce N Hrj) d - l -^( V ) m+l -^ < c 2 e N > {r ] ) m+l -^ , 
when |^| < 1. In conclusion, there exists {Ck,s)s € £m such that 

for all x G K, r\ G E™ \ and e G (0, 1]. 

Step 5. Finally, we consider i?^ e (x, 77). By Lemma 5.6 we can write 




as the finite sum 

e^(^-^^6 aA£ (^x,r/), 

where, by making use of the hypotheses on b' e and a E , the following holds: 

V/3 G N™ 3m,3 G KV7 G N" 3(/x/3, 7 ,e) £ G £ M Vx G ft Vz G ft V?? G E™ \ Ve G (0, 1] 

\d]b a , , £ (z,x, V )\ <^, £ (v) m0 , 
with b ai p i£ (z, x,t]) = for |x — z > er e . Hence, we have 

= V / e^^&^^z, x, ^e-^-^^r^eCx, 77, 0)(1 - XeOVM)) ^ 59 

= E / e-- 9 r a ,e(^??^)(l-X £ Whl)) / e^( z ^6 a , /3 , e (z,x,r;)dz^, 

where p e (z,x, r q,8) = Zj £ (z,x,r]) + z6. Since Xc(6/\v\) = 1 for # e W^ e „, we ma y 
limit ourselves to consider 9 G W? e V , i.e., \6\ > t s \t]\. We investigate now the 
properties of the net (p e ) e - We have 

V z p E {z, x,r},6)=6 + \7 z u E {z, 77) - V x u e {x, rj), 
and therefore (5.11) yields 

\0 + V x u>e{z,ri)-V x w e {x,ri)\ < \6\ + s~ M a e \ V \ < \6\{l + e~ M a^- 1 ) 
for 6 G W% e v , \x — z\ < a e , z E Ki, and s small enough. We now take a e so small 
that e~ M cr e < From (5.11) and the previous assumptions we obtain 

\e + V z u s (z,r})- V x LJ e (x,r))\ > \6\ - e- M a £ \ V \ > \6\ - s~ M a e r~ l \e\ > hfi\. 
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In other words, there exists (Ai j£ ) £ G £m strictly nonzero and (A 2 , e ) e G £m such 
that 

Ai, e |0| < \e + v z uj e (z, v ) - v x u) s (x, n)\ < x 2 , s \e\, 

for 9 G W? etJ) , \x - z\ < a £1 z € K b and e G (0, 1]. 
Consider now 

PN,e(z, X, 7}, 0) = e -iPe{z,x, V ,e)^N e ip e {z,x, V ,e)_ 

Noting that d]p e (z, x, r], 9) — d]u) e (z, rj) for |-y | > 2, and making use of the previous 
estimates on \V z p s (z, x, rj, 9)\, one can prove by induction that 

where (sAr, e ) e has the following property: 

(5.15) 31 G [0,2iV)V 7 eN"3( S ; iJVi£ ) £ e £ M \d]s N , E (z 7 x, v , 9)\ < s'^ N J9\ l , 
for \r]\ > 1, 9 G W^ e V , \x - z\ < <r e and z G K b . It follows that 

(5.16) \ PN , E (z,x, v ,9)\ > ^\er - s' ^ E \e\ l = |0| 2JV (^ - s' ^ E \9t 2N ) 

for 9 e Wl^ \x-z\< a s , z G K b and \ v \ > X N , £ := t- 1 {2 2N + 1 s , N £ )^ . 
Moreover, we have that for all 7 € N" there exists (a 7l jv,e)e G £m such that 

(5.17) \d2\V z p £ (z,x, V ,9)\ 2N \ <a^ N , £ \9\ 2N , 

for \rj\ > 1, G W 2 e , \x — z\ < a e and z G K b . This allows us to prove by induction 

that 

(5.18) 

V 7 G N n 3(& 7;JV , £ ) £ G £ M 3(A 7 ^ £ ) £ g £ M \d2p^ s (z,x,r],9)\ < & 7;JV;£ |0r 2JV , 

for G W 2 e , \x — z\ < <r E , z G K b and |?7| > A 7i at i£ . The assertion (5.18) is clear 
for 7 = by (5.16). Assume now that (5.18) holds for | 7 '| < N and take | 7 | = N. 
From p~^ e PN,e = 1 we obtain 

9]PN] £ (z,x,ri,9)pN, s {z,x,r],9) = ( 7 J d]'p]^ £ {z, x, 77, 6»)9^ 7 Vw, £ (2, a;, 77, 9) 

7'<7 ^ 7 ' 

and therefore 



\d2p^ s (z,x, V ,9)\ < b Y , N M- 2N (^- Y ,N, E \9\ 2N + ^-Y,N,em l )\9\- 



2N 



7'<7 

< &7,iV,e|0| 2W , 

for 6> G W 2 s T] , \x — z\ < <r e , z G K b and > A 7 ,at ;£ := max 7 ' <7 \ 7 >,n,s- We make 
use of the identity 
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in the integral 

f c ^(^^e) bapAz ^ x ^ )dz _ 
Jn 

Since, supp z b a ^. £ (z, x, rj) C Ki,, b a ,p t£ (z,x,r/) = for \x — z\ > a £ and 1 — 
Xe(9/\v\) = for 6* ^ , we can write 

/ e-^r^ix^.e^l-Xeie/H)) I e i ^ z > x < r ><% a ^ £ (z,x,r ] )dzct6 
JR n Jn 

= [ e- ixe r a , £ (x, V ,6)(l-Xe(6/\v\)) f e^ x ^- 
jr» Jn 

where 

- a , e {x, V, 0)(1 - Xe(0/\v\)) f e^'^A^p^z, x, v , 6)b a ,f,, e (z, x, r,)) dz 

Jn 

Kcir^x^e^i-xeie/mbN^NM'^ivr", 

for \r/\ > Aw.e and mp independent of N. We take 2N = N\ + N 2 such that 
— N 2 + mp < 0. Hence, from \0\ > T e \rj\ we have, for some (cn, £ ) £ <= Em and 
\v\ > ^N,e, the following estimate: 

- a , e (x, v, 0)(l - Xe(0/\v\)) [ e^-^A^p^z, x, r,, 0)b a ,p, e {z, x, r,)) dz 

Jn 

<c N , s \r a , £ (x,r,,6)\\l- X e(6/\ri\)\\0\- Nl - 

By definition of r a ^ £ we easily see that for all K <g ft there exists (d E ) E , (d' £ ) E E Em 
such that 

\r a , e (x, v ^-xe(e/\v\))\<d £ (e) m +(v x oj e (x, v )) m + <d'M 2m+ - 

Hence for all h > there exists 2N — N\ + N 2 large enough such that, for x E K 
and 1 77 1 > Aat, £ 

• ate (x, 0)(1 - Xe{0/H)) I e^ z - x ^A^{p- N \{ Zl x, v , 0)b a ,p, e (z, x, r,)) dz 

Jn 

< VK,s(°r h < VK,eT- H {ri)- h , 

with {vK,e)e £ £m- This means that for all h > there exists (X £ ) £ E Em such 
that 

\Rl £ (x, V )\<^ £ (r,)- h 

when x E K, \rj\ > X £ and e E (0,1]. A simple investigation of the oscillatory 
integral which defines i?^ e (x,r?) shows that there exists some h! > and some 
v' K £ E Em such that the estimate 



h' 
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holds for all x £ K, rj £ R" \ and e £ (0, 1]. This yields for \r]\ < X £ 

< <Jv)- h (v) h+h ' < y' K ,e{^) h+h '^)~ h - 

In conclusion, we have that for all h > there exists (Ch, £ (K)) £ £ Em such that 

\Rle(x,T))\ <C h . £ {Km- h 

for all x £ K, 77 £ R" \ and e £ (0, 1]. 

Step 6. Finally, we combine all the results of the previous steps. We have that 
(5.19) a £ (x,D)F u>e (b £ )u £ (x) = h, £ {x, 77)^(77) Srj + / h,e{x, v)v^(v) 

where {h,e)e & -Ms-^(nxR"\o)- From Theorem 2.2(i) and Proposition 5.8 there 
exists (h £ ) £ £ Ms^+i(nxW"\a) such that h £ (x,r]) ~ ^ /i a , £ (x,))). We write the 
first integral in (5.19) as 

f e i ^ x ^h £ (x, V )u;(r ] )S V + f e iu ^ (e^^h^x, rj) - h £ (x, r?) W77) dr, 

JR" JR" V / 

and we concentrate on 

e- i ^ x ^h, £ (x,r ] )-h £ (x,r ] ). 

From the previous computations we have that for all k > 1 and K <s there exists 
(C k , £ (K)) £ £ £ M such that 

e-^^I 1>e (x, V )- ]T h a>e (x,ri) <C k>£ {K){ri) m+l -i 

\a\<k 

for all x £ K, 77 £ R™ \ and e £ (0, 1]. Moreover, regarding I\ t£ (x,rj) as the 
oscillatory integral 

e -«0 e ixfl-Ha,.(*,u) Oe ( a . i e%{z, x, 77) dz 39, 

from Theorem 3.1 in [11], we obtain that for all a, (3 £ N™ there exists £ R and 
for all K <g Q there exists (c a ^ i£ (K)) £ £ Em such that for all r\ £ R™ \ and 
ee (0,1], 

sup|a?^/i, e (x,fj)| <c a , p , £ (K)( v ) d . 



J 



V 



Recalling that 

a^e-**^ = e^^V^^r?), 

with (o a ,/3, e ) e e A^si^i(o xK „\o), we conclude that the net (e~ lu, ^ x '^Ii t£ (x, rf)) e 
satisfies the hypothesis of Proposition 2.3(i). It follows that 

{e -^v) IlAx ^ ))e ^(K, £ ) £ . 

a 

Hence, by Theorem 2.2 (i) we conclude 

(e-^ (x ^I h£ (x, v ) - h £ (x, V )) £ £ 7W s -oo (nxK n V0) . 
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Going back to (5.19) we have that there exists (r e ) s G Ms-°°(sixR n \o) snch that 
a £ (x,D)F U)e (b e )u e (x) = f e^^h^x,^^) Sr, + r £ (x, D){u e ){x). 

JR™ 

□ 

Theorem 5.11. Let u G 5 h 1 g sc (il xR"\0) have a representative satisfying condition 

(h2). Let a G S m > sc (Q xR") and b G S l ' sc (Q xl"\fl) with supp^ b g O. T/ien, 
i/ie operator a(x, D)F UJ (b) has the following properties: 

(i) maps e c °°(tt) intog°°(f7); 

(ii) is o/ £/ie /otto 

f e ilv ^h(x,r])u{r])a-r] + r(x,D)u, 

w/iere ft- G <S' +m,sc (£! x 1" \ 0) /ias asymptotic expansion given by the 
symbols h a defined in (5.7) and r G §-°°' sc (n xR"\0). 

Proof. Combining Proposition 5.1(m) with the usual mapping properties of gen- 
eralized pseudodifferential operators we have that (i) holds. Concerning assertion 
(ii), we argue as in the proof of Theorem 5.10 by taking the nets (tr e ) e and (r e ) e 
slow scale strictly nonzero. From the assumptions of slows scale type on ui, a and 
b we have that all the moderate nets involved are of slow scale type. This leads to 
the desired conclusion. □ 



6. Generalized Fourier integral operators and microlocal analysis 

Concluding, we present some first results of microlocal analysis for generalized 
Fourier integral operators provided in [18, Section 4]. A deeper investigation of 
the microlocal properties of 

A : &(fi) - : u - [ e i 1>^y^a(x,y,0u(y)dy^ 

is current topic of research. 

Generalized singular supports of the functional L < / ) (a) 
We begin with the functional 

h{a) : &(fi) - C : u - f e^«> a(y , dy 3? 

Before defining specific regions depending on the generalized phase function 0, we 
observe that any <f> G $(0 x W) can be regarded as an element of <S^ g (Q xl p \0) 
and consequently |V^| 2 G <S£ (Q. x W\0). 
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Let fit be an open subset of ft and r C W\0. We say that 5e5°(fixl p \0) 
is invertible on Cli x T if for all relatively compact subsets U of Hi there exists a 
representative (b s ) e of b, a constant r G R and 77 G (0, 1] such that 

(6.1) inf \b £ (y,0\>e r 

yeu^er 

for all e G (0,77]. In an analogous way we say that b G S (Q, x R p \ 0) is slow 
scale-invertible on Oi x F if (6.1) holds with the inverse of some slow scale net 
(s e ) £ in place of e r . This kind of bounds from below hold for all representatives of 
the symbol b once they are known to hold for one. 

In the sequel ttq denotes the projection of x R p on CI. 

Definition 6.1. Let G $(f2 x W). We define C C x W \ as the complement 
of the set of all (xo, £0) G f2 x R p \ with the property that there exist a relatively 
compact open neighborhood U(xq) of xq and a conic open neighborhood r(£o) C 
RP \ of £ such that I V^| 2 is invertible on U(x a ) xT(£ Q ). We set 7r o (C ) = S 
and Rj, = (S^) . 

By construction is a closed conic subset of CI x R p \ and i?^ C CI is open. 
It is routine to check that the region C<f, coincides with the classical one when <p 
is classical. 

Proposition 6.2. The generalized symbol |V^</>| 2 is invertible on x R p \ 0. 

The more specific assumption of slow scale-invertibility concerning the gen- 
eralized symbol |V^0| 2 is employed in the definition of the following sets. 

Definition 6.3. Let <p G $(fi x W). We define C s £ C CI x W \ as the complement 
of the set of all (xo, £0) G 17 x R p \ with the property that there exist a relatively 
compact open neighborhood U(xq) of xq and a conic open neighborhood r(£o) C 
R p \ of Co such that |V ? 0| 2 is on C/(x ) x F(£ ). We set 7r Q (C£ c ) = S s £ and 

^ c = (^ C ) C - 

By construction C^ c is a conic closed subset of Cl x R p \ and R^ C i?^ C Cl 
is open. In analogy with Proposition 6.2 we can prove that |V^0| 2 is slow scale- 
invertible on R s £ x W \ 0. 

Theorem 6.4. Let <p G $(Q x RP) and a G 5™ 6 (0 x W). 

(i) Xne restriction /^(a)!^ 0/ i/ie functional i^(a) to the region R^ belongs 

to g{R t ). 

(ii) If 4> E $ sc (Cl x RP) and a G S^ l f c (Cl x RP) tfien ^(a)^ g £?°°(i^ c ). 
Theorem 6.4 means that 

singsuppgl^a) C 5^ 
if G x RP) and a G x RP) and that 

sing supp^oo I^a) C S^ c 
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if <j> G $ sc (ft x MP) and a G S™/ c (ft x 

Example. Returning to the first example in Section 4 we are now in the position 
to analyze the regularity properties of the generalized kernel functional I^a) of 
the solution operator A corresponding to the hyperbolic Cauchy-problem. For any 
v G & (R 3 ) we have 



(6.2) I*(a)(v) = J e^**«) a{x,t,y,£,)v{x,t,y)dxdtdy^, 

where a and (j> are as in Section 4. Note that in the case of partial differential 
operators with smooth coefficients and distributional initial values the wave front 
set of the distributional kernel of A determines the propagation of singularities 
from the initial data. When the coefficients are non-differentiable functions, or 
even distributions or generalized functions, matters are not yet understood in 
sufficient generality. Nevertheless, the above results allow us to identify regions 
where the generalized kernel functional agrees with a generalized function or is 
even guaranteed to be a C?°°-regular generalized function. To identify the set in 
this situation one simply has to study invertibility of d^(p(x, t, y, £) = 7(2;, t; 0) — y 
as a generalized function in a neighborhood of any given point (xQ,t ,y ). 

Under the assumptions on c of the example in Section 4, the representing 
nets (7e(-, ■; 0)) ee (o,i] of 7 are uniformly bounded on compact sets (e.g., when c is 
a bounded generalized constant). For given (xo,to) define the generalized domain 
of dependence D(x ,t ) C 1 to be the set of accumulation points of the net 
(7e(a;o>*o;0))ee(o,i]- Then we have that 

{(x ,t ,y ) G K 3 : yo£D(x ,to)} C R+. 

When c£l this may be proved by showing that if (xo, to,yo) & then there 
exists an accumulation point d of a representative (c e ) e of c such that y = x —c't . 

Example. As an illustrative example concerning the regions involving the regularity 
of the functional I$(a) we consider the generalized phase function on M 2 x M 2 given 
by <t> E {yi, t/2, £1, 6) = -eyi£i - Sej/26 where (s e ) e is bounded and {s^ r ) e is a slow 
scale net. Clearly <f> := [(0 e )e] S $ SC (R 2 x M 2 ). Simple computations show that 
i? = R 2 \ (0, 0) and = M 2 \ {y 2 = 0}. We leave it to the reader to check that 
the oscillatory integral 

I e^)(i + £? + £ 2 2 )^£= \( [ e-^^-^y^ii + g + g^a-bd-b) 

Jr 2 1 \Jr 2 J £ 

defines a generalized function in E 2 \ (0, 0) whose restriction to R 2 \ {j/2 = 0} is 
regular. 

The Colombeau- regularity of the functional I$(a) is easily proved in the case 
of generalized symbols of order — 00. 

Proposition 6.5. 

(i) If<f> G $(0 x MP) and a G §-°°(n x MP) then singsupp g / (a) = 0. 
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(ii) If4>£ <P sc (n x MP) and a E S-°°' sc (ft x MP) then singsupp g oo/ (a) = 0. 
Proposition 6.5 leads to the following result. 

Proposition 6.6. 

(i) IfcpE x MP) and a E §™ S {Q x W) then 

singsupp g I<j,{a) C 7rn(C^, n conesuppa). 

(ii) If<j>£ $ sc (fi x W) and a E <S™/ C (ft x RP) i/ien 

sing suppgoo I $ (a) C 7Tq(C^, c fl conesuppa). 
Generalized wave front sets of the functional /^(a) 

The next theorem investigates the CJ-wave front set and the ^°°-wave front set of 
the functional I<j,(a) under suitable assumptions on the generalized symbol a and 
the phase function <p. 

Theorem 6.7. 

(i) Let 4> E $(0 x W) and a E <S™ 5 (f2 x MP). The generalized wave front set 
WFgI^(a) is contained in the set W^ ia of all points (xo,£o) 6 T*(fl) \ 
with the property that for all relatively compact open neighborhoods U(xq) 
of xq, for all open conic neighborhoods r(£o) Q MP \ of £o; for all open 
conic neighborhoods V o/conesupp aflC^ such that VCi(U (xq) *M P \0) ^ 
the generalized number 



(ii) If<f>e $ sc (ft x MP) and a E «S™/ C (J1 x MP) then WF g =o/ (a) is contained 
in the set WI c a of all points (xq, £o) E T*(Q) \ with the property that for 
all relatively compact open neighborhoods U(xq) of xq, for all open conic 
neighborhoods T(£o) C M n \ of £ , for all open conic neighborhoods V 
of conesuppa n C^ c such that V n (U(x ) x W \ 0) ^ the generalized 
number (6.3) is not slow scale-invertible. 

Note that when cj> is a classical phase function the set W^a as well as the set 
W^ a coincide with 

(6.4) {(x, V x 4>{x, 6)) : (x, 6) e conesuppa n C^}. 

For more details see [18, Remark 4.13]. 

Example. Theorem 6.7 can be employed for investigating the generalized wave 
front sets of the kernel ■= 14,(0) of the Fourier integral operator introduced 
in the first example of Section 4. For simplicity we assume that c is a bounded 



(6.3) 



Inf 

yec/(z ),«er(c ) 

(y,8)£Vn(U(x )xR p \0) 



|g-V^(2/,0)l 
\Z\ + \6\ 



is not invertible. 
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generalized constant in E and that a = 1. Let ((xo, to, yo), £o) € WFgi^^. From 
the first assertion of Theorem 6.7 we know that the generalized number given by 

(9.5) inf l^-^-"" 

((x,t,s/),e)€vn(t/xK\o) 

is not invertible, for every choice of neighborhoods U of (x ,t ,yo), T of £ and V 
of C*0. Note that it is not restrictive to assume that \d\ = 1. We fix some sequences 
(U n )n, (r„)„ and (K)« of neighborhoods shrinking to {x ,t ,y ), {£oA : A > 0} 
and C*0 respectively. By (6.5) we find a sequence e„ tending to such that for all 
n G N there exists G T„, (x n ,t n , y n , d n ) G K with |0„| = 1 and (x n , t n , y n ) G ?/„ 
such that 

|fn - (0n, -Cejn, ~9 n )\ < e„(|f„| + 1). 

In particular, £„ remains bounded. Passing to suitable subsequences we obtain 
that there exist 9 such that (x ,to,yo,d) G C^, an accumulation point c' of (c £ ) £ 
and a multiple £' of £ such that £' = (9, —c'9, —9). It follows that 

Co _ C _ i 



|£o| lei y/2+{d)*\0\ 



(9,-c'9,-d). 



In other words the £?-wave front set of the kernel Ka is contained in the 
set of points of the form ((xo, to, yo), (do, — c'9o, —do)) where (xo,to,yo,9o) G C<j, 
and c' is an accumulation point of a net representing c. Since in the classical case 
(when eel) the distributional wave front set of the corresponding kernel is the 
set {((xo, to, yo), (9o, —cdo, —do)) ■ ( x o,to,yo, do) G C$}, the result obtained above 
for MVFqKa is a generalization in line with what we deduced about the regions 
Rtf, and C$. 

Particular case: generalized pseudodifferential operators 

Finally, we consider a generalized pseudodifferential operator a(x, D) on Vi and 
its kernel K a t xD ^ G C(Q c (tt x fi),C). By Remark 4.15 in [18], we have that 
WFg(K a f XiD \) is contained in the normal bundle of the diagonal in O x £1 when 

a G S^ s (fl x M. n ) and that WF^cc (K a ^ xD ^) is a subset of the normal bundle of the 
diagonal in O x Q when a is of slow scale type. We define the sets 

WF e (a(x,£>)) = {(x,0 G T*(fi) \0 : (x,x,£, -£) G WF a (*T a(XiD) )} 

and 

WF e » (a(x, £>)) = {(x, G T*(0) \ : (x, x, £, -£) G WF g » (# a(x>Z3) )}. 
From Theorem 6.7 one deduces the following. 

Proposition 6.8. Let a(x, D) be a generalized pseudodifferential operator. 

(i) If a G S™y(ft x E") i/ien WFg(a(x, £>)) C /xsupp^a). 

(ii) If a G 5™/ c (fi x E") then WFgoo (a(x, £>)) C ^supp go o(a). 
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